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A FIXED POINT THEOREM IN BANACH SPACES

OVER TOPOLOGICAL SEMIFIELDS

Slobodan �C. Ne�si�c

Abstract. Let X be a Banach space over a topological semi�eld and T1, T2 : X ! X two
maps satisfying the condition (1). Then T1 and T2 have a common �xed point.

1. Introduction

The notion of topological semi�eld has been introduced by M. Antonovski��, V.
Boltyanski�� and T. Sarymsakov in [1]. Let E be a topological semi�eld and K the
set of all its positive elements. Take any two elements x, y in E. If y � x is in
K (in K), this is denoted by x � y (x < y). As proved in [1], every topological
semi�eld E contains a subsemi�eld, so called the axis of E, isomorphic to the �eld
R of real numbers. Consequently by identifying the axis and R, each topological
semi�eld can be regarded as a topological linear space over the �eld R.

The ordered triple (X; d;E) is called a metric space over the topological semi-
�eld if there exists a mapping d : X � X ! E satisfying the usual axioms for a
metric (see [1], [2] and [4]).

Linear spaces considered in this paper are de�ned on the �eld R. Let X be
a linear space. The ordered triple (X; k k; E) is called a feeble normed space over
the topological semi�eld if there exists a mapping k k : X ! E satisfying the usual
axioms for a norm (see [1] and [3]).

2. Main result

We shall use the following de�nition.

Definition 1. Let (X; k k; E) be a feeble normed space over a topological
semi�eld E and let d(x; y) = kx� yk for all x, y in X . A space (X; k k; E) is said
to be a Banach space over the topological semi�eld E if (X; d;E) is sequentially
complete metric space over the topological semi�eld E.
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Now we shall prove the following result.

Theorem 1. Let X be a Banach space over a topological semi�eld E and T1,

T2 : X ! X two maps satisfying the condition

kx� T1xk
m + ky � T2yk

m � pkx� ykm (1)

for all x, y in X, where p, t are in R, 0 < t < 1, 1 6 ptm < 2 and m = 1, 2, . . . .

Then the sequence fxng
1

n=0, the members of which are

x2n+1 = (1� t)x2n + tT1x2n; x2n+2 = (1� t)x2n+1 + tT2x2n+1; x0 2 X; (2)

converges to the common �xed point of T1 and T2 in X.

Proof. Let x0 in X be an arbitrary point . From (2) we get

kx2n+1 � x2nk = tkT1x2n � x2nk; kx2n+2 � x2n+1k = tkT2x2n+1 � x2n+1k: (3)

If in (1) we put x = x2n and y = x2n+1, then by (3) we have

t�m(kx2n+1 � x2nk
m + kx2n+2 � x2n+1k

m)� pkx2n � x2n+1k
m

and hence
kx2n+2 � x2n+1k � (ptm � 1)1=mkx2n � x2n+1k (4)

for all n. Now, if we put in (1) x = x2n+2 and y = x2n+1, and use (3), we get

t�m(kx2n+3 � x2n+2k
m + kx2n+2 � x2n+1k

m)� pkx2n+2 � x2n+1k
m

and hence
kx2n+3 � x2n+2k � (ptm � 1)1=mkx2n+2 � x2n+1k (5)

for all n. From (4) and (5) we then obtain

kxn � xn+1k � (ptm � 1)1=mkxn�1 � xnk

which implies
kxn � xn+1k � (ptm � 1)1=mkx0 � x1k:

Since 0 6 ptm � 1 < 1, it follows that fxng is a Cauchy sequence in X . As X is a
Banach space over the topological semi�eld E, we deduce that fxng converges to
a point u in X .

Now putting x = u and y = x2n+1 in (1) we have

ku� T1uk
m + kx2n+1 � T2x2n+1k

m � pku� x2n+1k
m;

i.e.
ku� T1uk

m + t�mkx2n+2 � x2n+1k
m � pku� x2n+1k

m:

If now n tends to in�nity one has ku� T1uk
m � 0, which implies T1u = u. Hence,

u is a �xed point for T1. Similarly, T2u = u. So u is a common �xed point of T1
and T2. This completes the proof.
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