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Abstract. In this paper, we introduce an equiprime fuzzy graph of a nearring with
respect to the level ideal of a fuzzy ideal. We interrelate graph theoretical properties of the
graph and ideal theoretical properties of nearring. We show that the properties like vertex
cut, connectedness of the graph depend on the properties of the fuzzy ideal. We define ideal
symmetry of the graph and find conditions for the graph to be ideal symmetric. If the fuzzy
ideal is equiprime then we show that the level set induces a fuzzy clique. We find conditions
required for the level set to be the vertex cover of the graph. We find interrelation between
equiprime fuzzy graph and fuzzy graph of nearring with respect to level ideal. We study
properties of the graph under neaaring homomorphism. We prove that the connectedness
of the graph in homomorphic image depends on properties of ideal. We obtain conditions
required for homomorphic image of an equiprime fuzzy ideal to be an equiprime fuzzy ideal.

1. Introduction

Algebra and graph theory are independent areas of mathematics, and researchers have
attempted to link these areas. The study of the relation between algebraic structures
and graph theory was initiated by Beck [6] by introducing the zero divisor graph of
a commutative ring. Redmond [25] generalized the zero divisor graph using an ideal
and defined an ideal-based zero divisor graph of a commutative ring. Bhavanari,
Kuncham and Kedukodi [8] proposed the graph of a generalized ring (nearring) with
respect to an ideal and introduced a new type of symmetry of the graph called ideal
symmetry. Pang, Zhang, Zhang and Wang [23] studied the problem of dominating
set in directed graphs.

Fuzzy set theory is applied in various areas of mathematics such as algebra, graph
theory, topology, and differential equations to generalize various constraints in these
areas. Bhakat and Das [7] used fuzzy set theory to generalize the definition of the
ideal and introduced the fuzzy ideal of a ring. Davvaz [10] generalized fuzzy ideals and
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248 Equiprime fuzzy graph of a nearring

introduced threshold-based fuzzy ideals. Kedukodi, Kuncham, and Bhavanari [18§]
studied threshold-based equiprime, 3-prime, and c-prime fuzzy ideals of nearrings
and used them to study roughness in rings. Akram [2] generalized the definition
of fuzzy ideals using triangular norms by introducing T-fuzzy ideals of nearrings
and studied Artinian and Northenian nearrings. Shum and Akram [26] determined
properties of intuitionistic (T,S)-fuzzy ideals of a nearring and found their properties.
Lattice is an algebraic structure useful for studying order between different sets and
between elements of a set. To study ordered fuzzy sets, Goguen [11] introduced lattice
valued fuzzy (L-fuzzy sets). Interval valued fuzzy sets are another generalization of
fuzzy set theory where the fuzzy membership function is represented by a closed
subinterval of [0,1]. Davvaz [9] used interval-valued fuzzy sets and L-fuzzy sets to
begin the study of interval-valued L-fuzzy ideals of nearrings. Jagadeesha, Kedukodi,
and Kuncham [15, 16, 19] studied various types of fuzzy ideals of nearrings using
triangular norms and interval-valued L-fuzzy sets.

Researchers used fuzzy set theory to generalize graph theory. Mordeson and
Peng [22] introduced basic operations such as Cartesian product, union, intersection
on fuzzy subgraphs. Koczy [20] introduced the concept of vertex fuzzy graph and
applied it to distributed communication switching systems. Akram and Nawaz [4] re-
lated soft set theory and fuzzy graph theory by introducing fuzzy soft graphs. Akram
and Dudek [3] related interval-valued fuzzy set theory and graph theory by introduc-
ing interval-valued fuzzy graphs. Akram [1] introduced a new type of fuzzy graphs,
namely m-polar fuzzy graphs, and applied them to image processing and decision
making.

In this paper, we relate equiprime fuzzy ideal of a nearring with a fuzzy graph. We
introduce equiprime fuzzy graph of nearring N with respect to the level ideal v; of a
fuzzy ideal v denoted by (N, v, pe,t). We study the properties of the fuzzy graph. If x
is an element of the fuzzy ideal, then we prove that x is connected to all other vertices
of the fuzzy graph. If the fuzzy ideal is an equiprime fuzzy ideal, then the level set v; is
a strong vertex cut of the fuzzy graph. We define the ideal symmetry of the graph and
prove that if v is an equiprime fuzzy ideal, then the fuzzy graph is ideal symmetric.
We find conditions for a fuzzy clique of the fuzzy graph. If v is an equiprime fuzzy
ideal, then we prove that v; is the vertex cover of the fuzzy graph. If nearring is a
simple nearring and the fuzzy ideal is an equiprime fuzzy ideal, then we prove that the
fuzzy graph is a complete subgraph or a star graph. We find conditions under which
the fuzzy graphs of nearring, c-prime fuzzy graph and equiprime fuzzy graph defined
by Kedukodi, Kuncham and Bhavanari [17] are equivalent. If a fuzzy ideal is c-prime,
then we prove that the fuzzy graph and the c-prime fuzzy graph are identical. If Ny
and Ny are nearrings and f is a nearring homomorphism between N, N, then f
is a graph homomorphism between (Ni., v, pe,t) and (Nag, f(v), f(p)e,t). We prove
that if  is connected to all vertices of (Ni,,v, pe,t), then f(z) is connected to all
other vertices of (Na,, f(v), f(p)e,t). We find conditions necessary for a homomorphic
image of an equiprime fuzzy ideal to be an equiprime fuzzy ideal.
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2. Preliminaries

In this paper N, N7 and Nj represent right nearrings. We refer to Pilz [24] for defi-
nitions, concepts related to nearrings, Anderson and Fuller [5] for rings, Harary [13]
for graphs.

DEFINITION 2.1 ([14]). Let G; = (V1, E1) and Gy = (Va, E3) be two graphs. A graph
homomorphism from G1 to G5 is a mapping f : V4 — V5 such that (f(u), f(v)) € Ea
whenever (u,v) € Ej.

DEFINITION 2.2 ([21]). A fuzzy graph H = (v, p) of (V, E) is defined by a fuzzy subset
v of V and a fuzzy subset p of E such that p(x,y) <v(z)Av(y) Va,yeV.

DEFINITION 2.3 ([21]). Let t € [0,1]. Then vy = {z € V | v(z) > t} is called the level
set of v. Also pr = {(z,y) € E | p(x,y) > t} is called the level set of p. Then (v, p¢)
is a graph with vertex set 1 and edge set p;. Let (v, p) be a fuzzy graph. Then (v, p)
is said to be complete if p(u,v) = v(u) Av(v) Vu,v € V. A complete fuzzy subgraph
with maximum number of vertices is called a fuzzy clique of (v, p).

DEFINITION 2.4 ([24]). Let I, J, K be ideals of N. Then I is said to be a prime ideal
if JK C I implies J C I or K C I. Nearring N is said to be integral if it has no zero
divisors. Nearring NV is said to be a zerosymmetric if z0 = 0 for all z € N. An ideal
of N is said to be totally reflexive if aNb C I then bNa C I for all a,b € N. Nearring
N is said to be simple if its only ideals are {0} and N. Let Ny, N be nearrings.
Then g : Ny — Ny is said to be a nearring homomorphism if for all a,b € Ny,
(i) gla+b) = g(a) + g(b), (ii) g(ab) = g(a)g(b).

DEFINITION 2.5 ([12]). Let I be an ideal of N. Then I is said to be a c-prime ideal
of N if xy € I implies x € [ or y € [ for all x,y € N. I is said to be an equiprime
ideal if a,x,y € N with anx —any € I for alln € N impliessa € T orz —y e I. I
is said to be a 3-prime ideal if x,y € N and xny € I for all n € N implies € I or
yel.

THEOREM 2.6 ([12,27]). The following implications hold in nearrings:

(i) each equiprime ideal is a 3-prime ideal;

(i) each c-prime ideal is a 3-prime ideal.

The notions of equiprime ideal, 3-prime ideal and prime ideal coincide in rings. In
commutative rings, all the above notions coincide.

DEFINITION 2.7 ([12]). An ideal I of N is said to be a c-semiprime ideal if x € N
and z2 € I implies € I. An ideal I of N is said to be an equisemiprime ideal if,
for a,b € N, (a — b)ra — (a — b)rb € I for all r € N implies (a —b) € I.

DEFINITION 2.8 ([10]). Let o, 8 € [0,1] and o < . Let v be a fuzzy subset of N.
Then v is called a fuzzy ideal with thresholds «, S if for all x,y,i € N,
(i) avVv(@+y) >BAv(z)Av(y), (i) aVe(-z)>BAv(z),

(iii) aVv(y+z —y) > BAv(z), (iv) aVuv(zy) > B Av(z),
(V) aVu(z(y+i) —xy) = B Av(i).
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Here « is called the lower threshold of v and § as the upper threshold of v. In this
paper fuzzy ideal v means fuzzy ideal with lower threshold o and upper threshold .

THEOREM 2.9 ([10]). Let v be a fuzzy subset of N. Then v is a fuzzy ideal of N if
and only if for every t € (a, ] the level subset vy is an ideal of N.

DEFINITION 2.10 ([18]). Let a, 5 € [0,1] and o < 5. Let v be a fuzzy ideal with
thresholds «, 8. If z,y,a,b € N then

(i) v is called an equiprime fuzzy ideal with thresholds «, 8 if a V v(a)Vv(x —y) >
B ANinfren v(are — ary).

(ii) v is called a S-prime fuzzy ideal with thresholds o, B if aV v(a) V v(b) > B A
inf,.cn v(arb).

(iii) p is called a c-prime fuzzy ideal with thresholds o, B if aVv(a)Vv(b) > BAv(ab).
(iv) A fuzzy ideal u is called an equisemiprime fuzzy ideal if for alla € N, aVv(a—b) >
B Ainf.en v((a—b)ra— (a —b)rb).

THEOREM 2.11 ([18]). Let v be a fuzzy ideal of N. Then v is an equiprime (resp.
equisemiprime) fuzzy ideal of N if and only if for every t € («, 8], the level subset vy
is a equiprime (resp. equisemiprime) ideal of N.

DEFINITION 2.12 ([9]). Let f : Ny — N3 be a mapping. Let p be a fuzzy subset of
Ni. Then the image of p under f is given by
N Vaefril@) if f7H(y) #0
F(p)(y) =4 W (=) . ,1( )7
0 if f7y)=10
for all y € N,.

DEFINITION 2.13 ([17]). Let v : N — (0, 1] be a fuzzy ideal of N. Let ¢t € (a, 5] be
fixed. Define p: N x N — [0, 1] as follows:

vz) Av(y) = #yand (xkNy C vy or yNz C 1)

pe(@,y) = .
0 otherwise.

Then the fuzzy graph with respect to v; denoted by (N3, v, ps,t) is called fuzzy graph

of N with respect to level ideal v;.

DEFINITION 2.14. Let v : N — (0,1] be a fuzzy ideal of N. Let t € («, 8] be fixed.
Define p: N x N — [0, 1] as follows:

v(z) Av(y) = #yand (zy € vy or yx € vy)

pe(@,y) = .
0 otherwise

Then the fuzzy graph with respect to v; denoted by (N.,v, pc,t) is called c-prime

fuzzy graph of N with respect to level ideal vy.

REMARK 2.15. In the next part of this paper by fuzzy (resp. fuzzy equiprime, fuzzy
equisemiprime) ideal we mean fuzzy (resp. fuzzy equiprime, fuzzy equisemiprime)
ideal with lower threshold a upper threshold 3.
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3. Equiprime fuzzy graph of nearring with respect to level ideal

DEFINITION 3.1. Let v : N — (0,1] be a fuzzy ideal of N. Let ¢ € (a, 3] be fixed.
For p € N, define p, : N x N — [0,1] as follows:
)

v(p) Av(z) if p# 2 and (pro—pr0 € 1)
pp(p, ) = or (zrp—axr0 € 1) for allr € N
0 otherwise.

Then the fuzzy graph (N, v, pp) is called the fuzzy graph of N with respect to p and
level ideal v;. We denote this fuzzy graph by (N, v, pp,t).

Let (N,v,p) = UpeN(N, v,pp). Then the fuzzy graph (NV,v,p) is called the
equiprime fuzzy graph of N with respect level ideal v;. We denote this fuzzy graph by
(Ne, ; pe, t)

Now we provide examples for equiprime fuzzy graph of nearring with respect to
level ideal.

EXAMPLE 3.2. Let N = {0,a,b,c} be the nearring with addition and multiplication
defined as in Table 1.

o o o+
o o oo
0 O QR
QOO0 o>
©OQ oo
QO Qe O

o O OO
o "R O
O O
o o2 O

Table 1: Nearring for Example 3.2

We define v : N — (0,1] by
0.8 ifx=0
viz) =¢05 ifz=0b
0.1 ifz € {a,c}.

If we take thresholds o = 0.1 and = 0.5 then v is a fuzzy ideal of N. Let t = f.
Then v, = {0, b} and the values of p,(p, z) are given in Table 2.

pp(0x) |2=0|z=a|2x=b|xz=c
00(0, ) 0 0.1 0.5 0.1
pala,z) | 0.1 0 0.1 0
po(b,z) | 05 | 0.1 0 0.1
pe(c,x) | 0.1 0 0.1 0

Table 2: pp(p, z) when vy = {0, b}
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Graphs (N, v, po, t), (Ne, v, pa,t), (Ne, v, pp, ) (Ne, v, pe, t) are shown in Figures 1a, 1b,
1c and 1d respectively and the graph (Ne, v, pe,t) is shown on Figure 2.

Do oo oot

(a (NE»V po,t Neyl’ Pa,t C) NeaV vat) d NeJ’ Pec,t

Figure 1: EQY(N)
Figure 2: (Ne, v, pe,t)

EXAMPLE 3.3. Let N = Zg = {0,1,2,3,4,5,6,7} be the ring of integers modulo 8.
We define

0.9 ifz=0,

0.7 ifz =4,

0.3 ifx € {2,6},

0.1 otherwise.

If we take thresholds o = 0.1 and 8 = 0.3 then v is a fuzzy ideal of N. Let ¢t = 3. Then
vy ={0,2,4,6} and the values of p,(p,z) are given in Table 3. Graph (N, v, pe,t) is
shown on Figure 3.

v(z) =

8
|
o
8
Il
a

op (P, @) z =0 z =1 z =2 z =3 z =4 z =5

po (0, x) 0 0.1

p1(1, z) 0.

p2(2, x) 0

p3(3, x) 0.

pa(4, x) 0.
0
0
0

p5(5, @)
r6 (6, )
p7(7, )

ol
o|o|o|o|o|o|o|of
)—‘DJHDJP—‘WP—‘W‘
o
=

Table 3: pp(p,x) when v, = {0,2,4,6}
PROPOSITION 3.4. Let v be a fuzzy ideal of N and t € («a, f].
(i) If p € vy then (Ne,v, pp,t) is a star graph with root vertez p.

(i1) If v is an equiprime fuzzy ideal of N and (Ne,v, pp,t) is a star graph with root
vertex p then p € v;.

(ii) Let x € N. If x € v then x is connected to all other vertices of (Ne, v, pe,t).
Proof. Let t € (a, 8]. Then vy is an ideal of N. To prove (i), let p € v; and € N.

Let » € N be arbitrarily fixed. By the property of ideal, prz € 1, and pr0 € v;.
Then prz — pr0 € v, (by property of ideal.) Hence p is adjacent to = in (Ne, v, pp, t).
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Figure 3: (Ne, v, pe,t) when v, = {0,2,4,6}

Therefore p is adjacent to all other vertices of (Ne, v, pp,t). Thus (Ne,v, pp,t) is a
star graph with root vertex p.

To prove (ii), let (Ne, v, pp, t) be a star graph with root vertex p. Then by definition
for any « in N, pra —pr0 € v for all r € N or xrp — ar0 € v, for all r € N. Without
loss of generality assume prz — pr0 € [ for all » € N. Suppose vy = N. Then p € v;.
Suppose vy C N. Choose x € N \ v;. By the property of equiprime fuzzy ideal of N,
we get 14 is an equiprime ideal of N. Then we get p € v4.

To prove (iii), let « € v;. Then by (i), (Ne, v, ps, t) is a star graph with root vertex
2. Then x is adjacent with all other vertices of N in (N, v, p;,t). By definition of
equiprime fuzzy graph we get z is adjacent to all other vertices of (N.,v, pe,t). U

Now we provide examples to show the conditions in Proposition 3.4 are necessary.
(i) In Example 3.2, note that a & v;. Observe that (Ne, v, pa,t) is not a star graph.

(ii) Now we provide Example 3.5 to show that if v is not an equiprime fuzzy ideal of
N then even if (Ne, v, pp,t) is a star graph with root vertex p we get p ¢ v;.

EXAMPLE 3.5. Let N be the nearring with addition and multiplication defined as in
Table 1. Define v : N — (0,1] by
0.8 ifz=0,
v(iz) =405 ifz=2,
0.1 ifx € {a,c}

If thresholds are & = 0.5 and 8 = 0.8 then v is a fuzzy ideal of N. Let t = 5. Then
vy = {0} and the values of py(b, z) are given in Table 4. Graph (N, v, pp,t) is shown

in Figure 4.
z=0|z=a|lz=b|x=0C
(b, ) 0.5 0.1 0 0.1 a e e

Table 4: py(b, z) when v, = {0} Figure 4: (Ne,v, pp,t) when v, = {0}
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Note that v is not an equiprime fuzzy ideal of N (aVu(b)Vu(b—0) = 0.5V0.5V0.5 =
0.5 #0.8=0.8A0.8= 0 Ainf,.enp(brb—br0)) and (Ne,v, pp,t) is a star graph with
root vertex b. Observe that b ¢ vy.

(iii) In Example 3.3, note that 7 ¢ v;. Observe that 7 is not connected to all other
vertices in (Ne, v, pe, t).

PROPOSITION 3.6. Let v be a fuzzy ideal of N and t € («, ).
(i) Letv be an equiprime fuzzy ideal of N. Then vy is a strong vertex cut of (Ne, v, pe, t).

(ii) Let v be an equisemiprime fuzzy ideal of N and v be a strong vertex cut of
(Ne, v, pe,t). Then v is an equiprime fuzzy ideal of N.

Proof. To prove (i), let v be an equiprime fuzzy ideal of N and t € («, 3]. Suppose
vy = N. Then v is a strong vertex cut of (Ne, v, pe,t). Let vy C N. Let p € N\ 1
and € N \ 14 such that there exists an edge between p and z in (Ne, v, pe,t). Then
prz —pr0 € v or xrp — 2r0 € 1y for all r € N. Without loss of generality assume
prx — pr0 € vy for all r € N. As v is an equiprime fuzzy ideal of N, we get v is
an equiprime ideal of N. Then p € v; or = € 1. A contradiction to the fact that
p € N\ vy and € N \ 4. Hence 14 is a strong vertex cut of (Ne, v, pe, t).

To prove (ii), let v be a equisemiprime fuzzy ideal of N and v, be a strong vertex
cut of (Ng,v,p,t). Let pra —pro € vy for all r € N. Suppose p = z. Then p € v,
(v¢ is equisemiprime.) Let p # x. Suppose p € N\ vy and 2 € N\ 1p. As 1z is a
strong vertex cut of (N, v, pe,t) there is no edge between p and x in (Ne, v, pe, t).
Then prz — pro ¢ vy and xrp — xr0 ¢ vy for some r € N. A contradiction since
prz — pr0 € vy for all r € N. Hence 14 is an equiprime ideal of N. Therefore v is an
equiprime fuzzy ideal of V. O

Now we provide examples to show the conditions in Proposition 3.6 are necessary.
(i) We provide Example 3.7 to show that if v is not an equiprime fuzzy ideal of N.
Then v; not a strong vertex cut of (Ne, v, pe,t).

(ii) We provide Example 3.8 to show that if v is not an equisemiprime fuzzy ideal of
N. Then even if v; is a strong vertex cut of (Ne, v, pe,t), v is not an equiprime fuzzy
ideal of N.

ExaMmpLE 3.7. Let N be the nearring with addition + and multiplication - defined
as in Table 1. We define v : N — (0, 1] by
0.8 ifx=0,
v(z) =105 if z =0,
0.1 ifz € {a,c}.
If we take thresholds v = 0.5 and 8 = 0.8 then v is a fuzzy ideal of N. Let t = 3.

Then v, = {0} and for p € N the values of p,(p, ) are given in Table 5. Graph
(N, v, pe, t) is shown in Figure 5.
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pp(pyz) |2=0|x=a|z=b|az=C @

p0(0, ) 0 0.1 0.1 0.1

pala,z) | 0.1 0 0.5 0

(b, ) 0.5 0.1 0 0.1

pe(c, o) 0.1 0 0.1 0 e e G
Table 5: po(z,y) when v, = {0} Figure 5: (Ne, v, pe,t) when v, = {0}

Note that v is not an equiprime fuzzy ideal of N (aVv(b)Vr(b—0) = 0.5V0.5V0.5 =
0.5 % 0.8 =0.8A0.8 = S Ainf,env(brb—br0).) Observe that v, = {0} is not a strong
vertex cut of (Ne, v, pe,t).

EXAMPLE 3.8. Let N=Z4 be the ring of integers modulo 4. We define v : N —
[0,1] by
0.9 ifx=0,
viz) =¢0.6 ifx=2
0.3 ifz e {1,3}.
Take thresholds a« = 0.6 and § = 0.9. Then v is a fuzzy ideal of N. Let t = 5. Then
v, = {0} and the values of p,(p,z) are as in Table 6. The graph is given in Figure 6.

pp(pyz) |2=0|2z=1|oc=2|2=3

po(0, x) 0 0.3 0.6 0.3 @

p1(l,z) | 0.3 0 0 0

p2(2, ) 0.6 0 0 0

S N R A N ONORO

Table 6: Values of p,(p,x) when v, = {0} Figure 6: (Ne,v, pe,t) when v, = {0}

Note that v is not a equisemiprime fuzzy ideal of N since o V v(2) V v(2) =
0.6V 0.6V0.6=06%09=09A09 =B A infenv(2r2 — 2r0) and v, = {0} is
a strong vertex cut of (N, v, pe,t). Observe that v is not an equiprime fuzzy ideal
of N.

PROPOSITION 3.9. Let v be an equiprime fuzzy ideal of N and t € («, ].
(i) Let x be a vertex in (Ne,v, pe,t). If pp(p,z) >0V p#x;p € N then p € vy.
(ii) Let x be a vertex in (Ne,v, pe,t). If p € vy then pp(p,x) >0V p#x;p € N.

(iii) v is an equiprime fuzzy ideal of N if and only if every element x € vy is connected
to all other elements of N in (N, v, pe,t).

(iv) If v is an equiprime fuzzy ideal N then (vi,v,p,t) is a complete subgraph of
(N, v, pe, t).

REMARK 3.10. (i) In Example 3.2, note that v is an equiprime fuzzy ideal of N and
pala,c) =0 for z = c. Observe that a ¢ vy.

(ii) In Example 3.2, note that ¢ ¢ v;. Observe that p.(c,a) = 0.



256 Equiprime fuzzy graph of a nearring

DEFINITION 3.11. Let (Ne, v, pe,t) be an equiprime fuzzy graph. Then (N, v, pe,t)
is said to be ideal symmetric if for every pair of vertices a,b in (N., v, p.,t) with an
edge between them, either [p(a,c) >0V ¢ # a;c € N] or [p(b,c) >0V ¢ # b;c € NJ.

PROPOSITION 3.12. Let v be a fuzzy ideal of N and t € (o, f3].
(a) If v is an equiprime fuzzy ideal of N then (N, v, pe,t) is ideal symmetric.

(b) Suppose (i) (N, v, pe,t) is ideal symmetric; (i) v is equisemiprime fuzzy ideal
of N; (iii) for every x € N and p(x,z) >0V 2 # x;2 € N implies x € vy. Then v
is an equiprime fuzzy ideal of N.

Proof. Let t € (a,B]. To prove (a) let v be an equiprime fuzzy ideal of N and
p,x € N be such that there is an edge between p and z in (N, v, pe,t). Then for all
r € N we get prez — pr0 € vy or xrp — xr0 € v,. Without loss of generality, assume
praz —pr0 € vp. Then p € vy or « € vy (as v is an equiprime fuzzy ideal of N then v
is an equiprime ideal of N). By Proposition 3.9 (ii) we get p(p,2) >0V 2z #p;z € N
or p(x,z) >0V z# x;2z € N. Hence (N,v,p,t) is ideal symmetric.

To prove (b), let p,x € N and prz —pr0 € v, for all » € R. Suppose v; = N. Then
p € vp. Let v, C N. Suppose p = . Then p € vy (by (ii) v is an equisemiprime fuzzy
ideal of N and v; is an equisemiprime ideal of N). Let p # z. Now there exists an
edge between p and x in (N, v, p,t). As (Ne, v, p,t) is ideal symmetric we get either
p(p,z) >0V z#p;z€ Nor p(z,z) >0V z# x;2 € N. By Proposition 3.9 (i), we
get p € vy or x € vy Thus v is an equiprime fuzzy ideal of N. U

If v is not an equirprime fuzzy ideal of N then (N., v, pe, t) is not ideal symmetric.
We provide Example 3.13.

EXAMPLE 3.13. Let N=Zg be the ring of integers modulo 6. We define v : N—(0, 1] by
09 ifz=0,
v(z) =< 0.7 if z e {24},
0.3 ifze{1,3,5}.
If we take thresholds o = 0.7 and 8 = 0.9 then v is a fuzzy ideal of N. Let t = f3.

Then v, = {0} and the values of p,(p, z) are given in Table 7. The graph (N, v, pe,t)
is shown in Figure 7.

pppyx) | 2=0|z=1|2=2|2z=3|xz=4|x=5
po(0,2) | 0 05 | 07 | 05 | 07 | 05
pi(Lz) | 05 0 0 0 0 0
p2(2,7) | 0.7 0 0 05 0 0
p3(3,2) | 05 0 0.5 0 0.5 0
pi(d,z) | 07 0 0 0.5 0 0
05(5,2) | 05 0 0 0 0 0

Table 7: pp(p,z) when v, = {0}
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Figure 7: (Ne,v, pe,t) when v, = {0}

Note that v is not an equirpeime fuzzy ideal of N. (aVv(2)Vr(3) =0.7v0.7v0.3 =
0.7#0.9=09A0.9 = g Ainf,env(2r3 — 2r0)). Observe that the graph (N, v, pe,t)
in Figure 7 is not ideal symmetric.

In Example 3.8, note that the graph in Figure 6 is ideal symmetric, however v is
not an equisemiprime fuzzy ideal of N. Since aVv(2)Vr(2) =0.6V 0.6V 0.6 = 0.6 #
0.9 =09A0.9 =3 Ainf,.cnv(2r2 — 2r0). Observe that v is not an equiprime fuzzy
ideal of N.

PROPOSITION 3.14. Let v be an equiprime fuzzy ideal of N, t € (a, 3] and n ¢ v;.
Then C = v U{n} is a fuzzy clique of (Ne, v, pe,t).

Proof. Let t € («,8]. Then by Proposition 3.9 (iv), we get (v, v, p,t) is complete
subgraph of (Ne, v, pe,t). Let n ¢ v, and C = v, U {n}. By Proposition 3.9 (iii), we
get that every element of v is connected to n. This proves that (C, v, p., t) is complete.
It remains to prove that C' is maximal. First, we show that if p € N\vy, 2 € N\ 14 and
p # x then p is not connected to x in (Ne, v, pe,t). If possible, let p be connected to x.
Then for all r € N we get prz—pr0 € vy or zrp—xr0 € v,. Without loss of generality,
assume prz — pr0 € v;. As vy is an equiprime ideal of N, we get p € v, or x € 1.
This is a contradiction to the fact that p € N\ vy, € N\ vy Now, let C1 = CU{m};
m ¢ vy and m # n. Then p.(n,m) = 0 # v(m) Av(n). This implies (C1, v, pe,t) is
not complete. Hence (C1,v, pe,t) cannot be a fuzzy clique. Thus C' = 1, U {n} is a
fuzzy clique of (N, v, pe, t).

(a) Fuzzy clique of (¢) Complete subgraph
(Ne, v, pe, t) when (b) Fuzzy clique of (Ne,v,pe,t) of (Ne,v,pe,t) when
vy = {0,b} when vy = {0,2,4,6} vy = {0}

Figure 8: Complete subgraphs of (Ne, v, pe, t)
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REMARK 3.15. (i) In Example 3.2, take b ¢ 4. Then observe that C' = v, U {b} is a
fuzzy clique of (N, v, pe,t) as shown in Figure 8a.

(ii) In Example 3.3, take 3 ¢ v;. Then observe that C' = v; U {3} is a fuzzy clique of
(N, v, pe,t) as shown in Figure 8b.

(iii) In Example 3.13, note that v is not an equiprime fuzzy ideal of N. If we take
3 ¢ v, then observe that C' = v, U {3} is not a fuzzy clique of (Ne,v, pe,t) as shown
in Figure 8c.

PROPOSITION 3.16. Let v be an equiprime fuzzy ideal of N and t € (o, 8]. Then
(i) v is a vertex cover of (Ne,v, pe,t). (it) (Ne \ v, V, pe,t) is an empty graph.

REMARK 3.17. (i) In Example 3.2, note that v is an equiprime fuzzy ideal of N.
Observe that vy is a vertex cover of (N, v, pe,t).

(ii) In Example 3.13, note that v is not an equiprime fuzzy ideal of N. Note that
vy = {0} is not a vertex cover of (Ne, v, pe,t).

(iii) In Example 3.13, note that v is not an equiprime fuzzy ideal of N. Note that
(Ne\ v, v, p, t) is not an empty graph. In fact (N, \ v, v, pe, t) is as shown in Figure 9.

Figure 9: (Ne, v, pe,t) when v, = {0}

PRrROPOSITION 3.18. Let N be a simple nearring and v be an equiprime fuzzy ideal
of N. Then (Ne,v, pe,t) is a star graph or (Ne,v, pe,t) is a complete graph.

REMARK 3.19. In Example 3.2, note that v is an equiprime fuzzy ideal, however the
nearring is not a simple nearring. Observe that the graph is neither a star graph nor
a complete graph.

4. Interrrelations between fuzzy graphs

PROPOSITION 4.1. Let v be a fuzzy ideal of N and t € («,8]. Then (Ns,v, ps,t) =
(Ne, v, pe, t) if any one of the following conditions are satisfied.
(i) N is zero symmetric. (i) N is distributive.

(iii) Every ideal of N is totally reflexive. (iv) N is equiprime.

Proof. Let t € (o, 8]. Then v; is an ideal of N for all t € («, §]. We have vertex set of
(N3, v, p3,t) = (Ne, v, pe,t) = N. To prove (i), suppose p,x € N such that there is an
edge between p and x in (N3, v, p3,t). Then pNz C vy or xNp C 1. Without loss of
generality assume pNx C 1. Then pna € vy for all n € N. Let n € N is arbitrarily
fixed. Then we get pnz—pn0 € v;. (as N is zero symmetric xn0 = 0) Then p and x are
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adjacent in (N, v, pe,t). Therefore E((Ns,v, p3,t)) € E((Ne, v, pe,t)). Now suppose
p,x € N such that (p, ) is an edge in (N, v, pe,t). Then pro—pr0 € v, for all r € N
or znp—an0 € v, for all r € N. Without loss of generality assume praz—pr0 € v, for all
r € N. Let r € N be arbitrarily fixed. Then we get pra € N (as N is zero symmetric
we get pr0 = 0). Hence we get prz € v, for all r € N. Then pNz C v, which
implies p and x are adjacent in (N3, v, p3,t). Hence E((Ne, v, pe,t)) € E((N3, v, p3,t)).
Therefore E((Ne, v, pe,t)) = E((Ns,v, ps,t)). Thus (N3, v, p,t) = (Ne, v, pe, t).

The proofs of (ii), (iii) and (iv) are similar to that of (i).

We provide examples to show that if conditions given in Proposition 4.1 are not
satisfied then (N3, v, ps,t) # (Ne, U, pe, t).

ExXAMPLE 4.2. Let N = {0,a,b,c} be the nearring with addition and multiplication
defined as in Table 1. We define v : N — (0, 1] by
0.9 ifz=0,
v(iz) =404 ifz=0>,
0.2 ifz e {a,c}.
If we take thresholds o = 0.4 and = 0.9 then v is a fuzzy ideal of N. Let t = f.

Then v, = {0} and the values of p,(p, ) are as in Table 8 and the graph (N, v, pe, t)
is given in Figure 10.

pp(p,x) | 2=0|2z=a|z=b|z=c a

00(0, ) 0 0.2 0.4 0.1

pa(a,x) 0.2 0 0.4 0

o(b,x) | 04 | 02 0 0.2

pele, ) 0.2 0 0.2 0 e 0 G
Table 8: Values of pp(p, ) when v = {0} Figure 10: (Ne,v,p,t) for vy = {0}

The values of p(x,y) are as in Table 9 and the graph (N3, v, ps,t) is given in
Figure 11.

plzy) |y=0]y=a|y=bly=c Q

z=0 0 0.2 0.4 0.1

T=a 0.2 0 0.4 0

x=> 0.4 0.4 0 0

T=c 0.2 0 0 0 e 0 a
Table 9: Values of p(x,y) when v, = {0} Figure 11: (N3, v, ps,t) for vy = {0}

In this example, note that:
(i) The nearring N is not zero symmetric (b-0 # 0,c-0 # 0). Observe that
(N3, v, p,t) # (Ne, v, p, ).
(ii) The nearring N is not distributive (b(a+c¢) =b-b=band b-a+b-c=b+b=0.
Hence b(a+c¢) #b-a+b-c). Observe that (N5, v, p,t) # (Ne, v, p, t).
(iii) The ideal v; is not totally reflexive (aNb = {0} € v, however bNa = {b} ¢ ).
Observe that (Ns,v, ps,t) # (Ne, v, pe, t).
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(iv) {0} is not an equiprime ideal of N. Hence N is not an equiprime nearring.
Observe that (N3, v, p3,t) # (Ne, v, pe, t).

PROPOSITION 4.3. Let v be a fuzzy ideal of N and t € (a, f3].
(i) If v is a S-prime fuzzy ideal of N then (N3, v, ps,t) C (N, v, pe, t).

(ii) If v is a c-prime fuzzy ideal of N then (Ns,v, ps,t) = (N, v, pe,t).

Proof. We have V((Ns,v, p,t)) = V((Ne,v, p,t)) = N. To prove (i), let v be a 3-prime
fuzzy ideal of N. Let z,y € N such that (z,y) € E((Ns,v,ps,t)). Then zNy C 1y
or yNz C 1. Without loss of generality assume Ny C v;. As v is a 3-prime fuzzy
ideal of N we get 1 is a 3-prime ideal of N. Then we get = € 1, or y € v;. Now,
let us assume x € v;. Then ay € vy for all y € N. Then (x,y) € E((Ne, v, pe,t)).
Proof is similar for y € v;. Hence E((Ns,v,ps,t)) € E((Ne,v,pe,t)). Therefore
(NS, v, P3, t) - (ch Y, Pe, t)‘

To prove (ii), let v be a c-prime fuzzy ideal of N. Let a,b € N such that (a,b) €
E((Ng,v, pe,t)). Then ab € v; or ba € v;. Without loss of generality assume ab € vy.
As v is a c-prime fuzzy ideal of N we get v is a c-prime ideal of N. Then we get
x € vy ory € 1. Now, let us assume = € 1. Then by the property of ideal we get
N C vy, Then zNy C vy for all y € N. Then (z,y) € E((Ns,v,ps,t)). Proof is
similar for y € v;. Hence E((Ne, v, pe,t)) C E((N3, v, ps,t)). Therefore (N., v, pe,t) C
(N3, v, ps3,t). Every c-prime fuzzy ideal is a 3-prime fuzzy ideal. Then from (i) we get
E((N3,v,ps,t)) € E((Ne, v, pe,t)). Therefore (N3, v, p3,t) = (Ne, v, pe, t). U

PROPOSITION 4.4. Let v be a fuzzy ideal of N and t € (a,]. Then (N3, v, ps,t) =
(N, v, peyt) = (Ney vy pe, t), if any one of the following conditions are satisfied.
(i) v is a c-prime fuzzy ideal of a zero symmetic nearring N.

(ii) v is a prime fuzzy ideal of a commutative ring N .

5. Nearring homomorphism and graph homomorphism

PRrROPOSITION 5.1. Let f: Ny — Ny be an one to one and onto nearring homomor-
phism. Let v be a fuzzy ideal of Ny and t € (o, §]. Then f is an one to one and onto
graph homomorphism from (N1, v, pe,t) to (Nag, f(v), f(P)e,1)-

Proof. Let v be a fuzzy ideal of Ny and t € («, §]. Then by [18, Proposition 3.25]
we get f(v) is a fuzzy ideal of Ny with same thresholds as that of v. Let p,z € Ny
such that p # z and (p,z) be an edge of (N1, v, pe,t). Then for all » € Ny we
get prx — pr0; € vy or xzrp — xr0; € v, where 07 is the additive identity of Nj.
Without loss of generality assume prz — pr0; € vy. Let r € N; be arbitrarily fixed.
Then f(prz —pr0;) € f(vr) C f(v): (by [18, Remark 3.30] ). Then f(prz —pr0;) €
f(¥)e. As f is a nearring homomorphism we get f(prz — pr01) = f(p)f(r)f(x) —
f) f(r)f01) = f(p)f(r)f(z) — f(p)f(r)02 € f(v): where Oz is the additive identity
of Ny. As f is one to one we get f(p) # f(z). Also f(N1) = Ny (f is onto). Hence
(f(p), f(x)) is an edge in (Nag, f(v), f(p)e,t). Therefore f is a graph homomorphism
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from (N1, V, pe,t) to (Nag, f(V), f(p)e,t). Let p1,pa € Ny such that p; # pa. Then
f(p1) # f(p2) (since f is one to one). Hence there is one to one correspondence
between the vertex set of (Ni.,v,pe,t) and (Nae, f(v), f(p)e,t). Let (p1,21) and
(p2,x2) be edges of (Ni,,v, pe,t) such that (p1,x1) # (p2,22). Then for all r; € Ny
we get (p1rixy — p17r101) € v or (xyrip1 — x17101) € vy and for all ro € Ny we get
(paroxa — para01) € vy or (zaraps — x21201) € vp. Without loss of generality assume
(p1riz1 — p1r101) € vy and (paroxa — pora01) € vy Let r1,79 € Nj be arbitrarily
fixed. Then f(piriz1 — p1r101) = f(p1)f(r1) f(z1) = f(p1)f(r1)f(01) € f(v)¢ and
J(paraze — par201) = f(p2)f(re)f(w2) — f(p2)f(ra)f(02) € f(v);. As f is one to
one we get f(p1)f(r1)f(z1) — f(p1)f(r1)f(01) # f(p2) f(r2) f(z2) — f(p2) f(r2)f(02).
Therefore there is one to one correspondence between the edge sets of (Ni, v, pe, t)
and (Nme(y)vf(p)G’t)' 0

EXAMPLE 5.2. Let Z,, be the ring of integers modulo n. let N be the nearring
defined in Example 3.2. Let Ny = Z; x N = {(0,0),(0,a), (0,b), (0,¢)} and Ny = N.
Define f : Ny — Ny by f((z,y)) = y. Then f is an one to one and onto nearring
homomorphism. We define v : Ny — (0,1] by

0.9 ifz=1(0,0),

v(x) =405 ifz=(0,b),

0.1 ifx e {(0,a),(0,c)}.

If we take thresholds a=0.1 and 8=0.5 then v is a fuzzy ideal of N;. Let t=3. Then

1,={(0,0), (0,b)} and the values of p,(p,x) are as in Table 10 and the graph is given
in Figure 12.

pp(p, ) z = (0,0) z=(0,a) | =(0,b) z = (0, c)
P(0.0)((0,0), @) 0 0.1 0.5 0.1
P0,a)((0,a), x) 0.1 0 0.5 0
P05 ((0,5),2) 05 0.1 0 0.1
P00, 0 |01 0 01 0

Table 10: Values of p(z,y) when v = {(0,0), (0,b)}

Figure 12: (Ne,v, pe,t) for v, = {(0,0), (0,b)}

Then f(v) is a fuzzy ideal of Ny with the same thresholds as that of v. Let
f(v) : N3 — (0,1] be given by
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0.7 ifz=0,
v(z) =404 ifz=0,
0.1 ifz € {a,c}.
Then f(v) = f({(0,0),(0,b)}) = {0,b} is an ideal of Ny. The values of p are as in
Table 11 and the graph is given in Figure 13.

) | x=0|xz=a | x=b|xz=0C 0

pp(p

po(0,2) | 0 01 | 04 | 01

pala,x) 0.1 0 0.4 0

oo(b, ) 0.4 0.1 0 0.1

pe(c, ) 0.1 0 0.1 0 e 0 a

Table 11: Values of p,(p,z) when v, = {0,b} Figure 13: (Ne,v, pe,t) for vy = {0,b}
Observe that f is an one to one graph homomorphism from N; to Ns.

PROPOSITION 5.3. Let f: Ny — Ny be an one to one and onto nearring homomor-
phism. Let v be a fuzzy ideal of Ny and t € (o, B]. If © € vy then p(f(x), f(2)) >

0V f(z) # f(x); f(2) € Na.

Proof. Let t € (o, 8] and z € v.

Case 1. Suppose p = 0; where 0; is the additive identity of N;. Then f(p) =
f(01) = 02 where 05 is the additive identity of No. Then (prz — pr0;) = 01 € 1, for
all z € Ny. Let r € Ny be arbitrarily fixed. As f is a nearring homomorphism we get
Flpre —proy) = F(p) F(r) F(2) — F(p) F(r) F(O1) = 02£(1) £ () — 02 f(r)0z = O, which
is true for all f(x) € Na. Then p(f(p), f(z)) > 0 for all f(p) # f(z).

Case 2. Let p # 01. As p € vy and v is an ideal, then for r € Ny we get prz € vy
and pr0 € v, for all x € Ny. Then pro — pr0 € v;. Then f(prz — pr0) € f(v) C
f(v), for all f(z) € Nao. As f is a nearring homomorphism we get f(p)f(r)f(z) —
f(p)f(r)f(01) € f(v)e. As f is one to one we get f(p) # f(x). Hence (f(p), f(2)) €
E(((N2)e, f(¥), f(p)e,t)). Therefore p(f(p), f(x)) >0V f(p) # f(x); f(x) € N2. [

i
REMARK 5.4. In Example 5.2, note that (0,a) ¢ 1. Then f((0,a)) = a is not
connected to all other vertices of Ns. Also (0, b) € v;. Then f((0,b)) = b is connected
to all other vertices of Ns.

PROPOSITION 5.5. Let f: Ny — Ny be an one to one and onto nearring homomor-

phism. Let v be a fuzzy ideal of Ny and t € (o, B]. If prp)(f(p), f(x)) >0V f(p) #
f(x); f(x) € Ny then pp(p,x) >0V p# x;2 € Ny.

REMARK 5.6. In Example 5.2, note that ¢ = f((0,¢)) is not connected to all other
vertices of Na. Observe that (0, ¢) is not connected to all other vertices of V.

DEFINITION 5.7. Let f: N7 — Na be an onto nearring homomorphism, v be a fuzzy
ideal of N7 and t € («, 5]. Then f is said to preserve vertex covers of an equiprime
fuzzy graph if for each vy vertex cover of (Nig,v, pe,t), f(v): is a vertex cover of

(N287f(y)7f(p)evt)'
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REMARK 5.8. In Example 5.2, note that v; = {(0,0),(0,b)} is a vertex cover of
(N1g, v, pe,t) and f(v): = {0,b} is a vertex cover of (Na., f(v), f(p)e, ).

PROPOSITION 5.9. Let f : Ny — Ny be a nearring homomorphism, v be an equiprime
fuzzy ideal of Ny and t € («,B8]. If (i) f preserves verter covers, (ii) f(v); is
equisemiprime, then f(v) is an equiprime fuzzy ideal of No.

Proof. Let v be an equiprime fuzzy ideal of Ny. Then f(v) is a fuzzy ideal of Ny
with the same thresholds as that of v. Suppose v; = Nj. Then f(1t) = f(v): = Na
is an equiprime ideal of Ny. Then f(v) is an equiprime fuzzy ideal of Na. Now
suppose vy C Ni. As v is an equiprime fuzzy ideal of Ny we get v, is an equiprime
ideal of N7. By Proposition 3.16 (i) we get v; is a vertex cover of (Ni., v, pe,t). As
f preserves vertex cover we get f(v); is a vertex covers of (Nag, f(v), f(p)e,t). Let
(p,z) € E(Na, f(v), f(p)e,t). Then p € f(v), or = € f(v);. Then by Proposition 3.9,
we get p is connected to all other vertices of (Na., f(v), f(p)e,t) or x is connected to all
other vertices of (Nag, f(v), f(p)e,t). Hence (Na., f(v), f(p)e,t) is ideal symmetric.
Let p € Ny such that p is connected to all other vertices of (Na,, f(v), f(p)e,t). Then
for all r € Ny we get praz—pr0 € f(v), for all  in Ny. Suppose p = z. Then p € f(v);
(since f(v): is equisemiprime). As f is onto, p = f(p1) for some p; € Ny. Now f(p1)
is connected to all other vertices of (Na., f(v), f(p),t). Then by Proposition 5.5, we
get py is connected to all other vertices of (Ny., v, pe,t). Then for all 71 € N7 we get
(p1riz1 — p1m101) € v for all &1 € Ny. Suppose vy = Ni. Then f(v); = N is ae
equiprime ideal of N3. Let v; C Ny. Choose z1 € Ny \ v, then p1 € vy, (As v is an
equiprime fuzzy ideal of Ny, v is an equiprime ideal of Ny.) Then f(p;) € f(v): and
p € f(v):. Hence (Na, f(v), f(p),t) satisfies all conditions of the Proposition 3.12.
Therefor f(v) is an equiprime fuzzy ideal of No. O

REMARK 5.10. In Example 5.2, note that v is an equiprime fuzzy ideal of N; and
f(v) is an equiprime fuzzy ideal of Ns.
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