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V. H. Badshah, Prakash Bhagat and Satish Shukla

Abstract. In this paper, we study some common fixed point results in cone 2-metric
spaces equipped with a ternary relation T . A weaker version of weakly compatible mappings,
the notions of g-contractions with respect to T and g-ϕ-contractions with respect to T are
introduced. Some common fixed point results for g-contractions and g-ϕ-contractions with
respect to an arbitrary ternary relation T and a transitive ternary relation respectively, are
proved. To justify the newly introduced notions and results several examples are provided.

1. Introduction

In a series of papers, Gähler [11–13] introduced the concept of 2-metric spaces. He
considered the metric function as the area of a triangle formed by three points in
the space and extended the triangular inequality of an ordinary metric. On the
other hand, Huang and Zhang [14] introduced the notion of cone metric spaces by
replacing the codomain of metric function by an ordered Banach space and obtained
some basic versions of fixed point theorems in this new setting. Recently, in the
papers [7, 8, 16, 17] it was shown that several notions and fixed point results in cone
metric spaces are the consequences of their metric counterparts. Inspired by this fact,
Liu and Xu [18] defined the cone metric spaces over Banach algebras and proved the
fixed point results for the contractive mappings with vector contractive constants.
Singh et al. [25] combined the concepts of cone metric and 2-metric, and introduced
a new type of spaces called cone 2-metric spaces and proved a fixed point result in
this new setting. Following the idea of Liu and Xu [18], Wang et al. [26] improved
the result of Singh et al. [25] by introducing the cone 2-metric spaces over Banach
algebras.
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Abbas and Junck [1] first introduced common fixed point results in the setting of
cone metric spaces. They used weak compatibility of mappings defined on cone metric
spaces. Bari and Vetro [5] introduced the notion of ψ-pairs and proved common fixed
point theorems in cone metric spaces.

Ran and Reurings [22] initiated the study of fixed point theorems in metric spaces
endowed with a partial order relation. Recently, Alam and Imdad [24] proved fixed
point results in metric spaces endowed with an arbitrary binary relation and gener-
alized and extended several fixed point theorems.

In this paper, we introduce a weaker version of weakly compatible mappings in
cone 2-metric spaces, which generalizes the notion of weakly compatible mappings in
cone 2-metric spaces. Our results extend the results of Abbas and Junck [1] and Alam
and Imdad [24] in cone 2-metric spaces over Banach algebras equipped with a ternary
relation T . The notions of g-contraction with respect to T and g-ϕ-contraction with
respect to T in cone 2-metric spaces are introduced. Some common fixed point results
for g-contractions and g-ϕ-contraction with respect to an arbitrary ternary relation
T and a transitive ternary relation, respectively, are proved.

2. Preliminaries

We first state some definitions and properties which will be used in the sequel.
Throughout the paper, we assume that A is a real Banach algebra with a multi-
plicative unit e.

It is well known that if the spectral radius ρ(x) of x ∈ A is less than 1, that is,
ρ(x) = limn→∞ ‖xn‖1/n < 1, then e− x is invertible, and (e− x)−1 =

∑∞
i=0 x

i.
A subset P of A is called a cone if:

(i) P is nonempty, closed and {θ, e} ⊂ P , where θ is the zero vector of A;

(ii) αP + βP ⊂ P for all nonnegative real numbers α, β;

(iii) P 2 = PP ⊂ P ; (iv) P ∩ (−P ) = {θ}.
Given a cone P ⊂ A, we define a partial ordering � in A with respect to P by

x � y (or equivalently y � x) if and only if y − x ∈ P . We shall write x ≺ y (or
equivalently y � x) to indicate that x � y but x 6= y, while x � y (or equivalently
y � x) will stand for y − x ∈ intP , where intP denotes the interior of P .

The cone P is called normal if there exists a number K > 0 such that for all
x, y ∈ P with x � y we have ‖x‖ ≤ K‖y‖. The least number K satisfying this
inequality is called the normal constant of P . The cone P is called solid if intP 6= ∅.

In what follows, we always assume that P is a solid cone in A and � is the partial
ordering with respect to P .

Lemma 2.1 ([17,20]). (a) If a � λa with a ∈ P and 0 ≤ λ < 1, then a = θ.

(b) If θ � u� c for each θ � c, then u = θ.

(c) If ‖xn‖ → 0 as n→∞, then for any θ � c, there exists n0 ∈ N such that, xn � c
for all n > n0.
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(d) If a, b, c ∈ P such that a � b and b� c, then a� c.

(e) If a, b, c ∈ P such that a� b and b � c, then a� c.

(f) If a, b, c ∈ P such that a� b and b� c, then a� c.

Remark 2.2. Clearly, if ρ(x) < 1 then ‖xn‖ → 0 as n→∞.

Definition 2.3 ([6]). A sequence {un} ⊂ P is a c-sequence if for each c ∈ A with
θ � c there exists n0 ∈ N such that un � c for n > n0.

Proposition 2.4 ([27]). If {un} ia a c-sequence in P and k ∈ P then {kun} is a
c-sequence.

Proposition 2.5 ([27]). For any a, b ∈ A, c ∈ P with a � b we have ac � bc.
Definition 2.6 ( [2, 25, 26]). Let X be a nonempty set. Suppose that a mapping
d : X ×X ×X → P satisfies:
(i) for every x, y ∈ X with x 6= y there exists z ∈ X such that d(x, y, z) 6= θ;

(ii) if at least two of x, y, z ∈ X are equal, then d(x, y, z) = θ;

(iii) d(x, y, z) = d(p(x, y, z)) for all x, y, z ∈ X, where p(x, y, z) denotes all the per-
mutations of x, y, z;

(iv) d(x, y, z) � d(x, y, w) + d(x,w, z) + d(w, y, z) for all x, y, z, w ∈ X.
Then d is called a cone 2-metric on X and (X, d) is called a cone 2-metric space over
the Banach algebra A. Cone 2-metric space will be called normal if its cone P is
normal.

Definition 2.7 ([25]). Let (X, d) be a cone 2-metric space with a solid cone P in a
Banach algebra A. Let {xn} be a sequence in X and x ∈ X. If for every c ∈ A with
θ � c (that is, c ∈ intP ) there exists n0 ∈ N such that d(xn, x, a) � c for all a ∈ X
and for all n > n0, then {xn} is said to converge to x. We denote it by limn→∞ xn = x
or xn → x as n→∞. Obviously, the limit of a convergent sequence is unique.

If for every c ∈ A with θ � c there exists n0 ∈ N such that d(xn, xm, a) � c for
all a ∈ X and for all n,m > n0, then {xn} is said to be a Cauchy sequence. If every
Cauchy sequence in X converges to some x ∈ X, then X is said to be a complete cone
2-metric space.

Let X be a nonempty set and f, g : X → X be two mappings. Recall (see, e.g., [1])
that a point x ∈ X is called a coincidence point and a point y ∈ X is called the
corresponding point of coincidence of the pair (f, g) if y = fx = gx. By CO(f, g),
we denote the set of all coincidence points of the pair (f, g). The pair (f, g) is called
weakly compatible if f and g commute at every coincidence point of the pair (f, g).
Further, a sequence {xn} inX is called a Picard sequence of f with initial value x0 ∈ X
if xn = fxn−1 for all n ∈ N. One can always construct a Picard sequence with an
arbitrary initial point in X. A sequence {yn} in X is called a Jungck sequence of the
pair (f, g) with initial point x0 ∈ X, if yn = gxn = fxn−1 for all n ∈ N. Obviously, it
is not always possible to construct a Jungck sequence for a given initial point x0 ∈ X.
In particular, if x0 ∈ X is such that fx0 /∈ g(X), then it is not possible to construct
a Jungck sequence of the pair (f, g) with initial point x0 ∈ X.
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3. Main results

We first introduce a weaker version of weakly compatible pairs of mappings.

Definition 3.1. Let (X, d) be a 2-metric space and f, g : X → X be two mappings.
Then, the pair (f, g) is called J-weakly compatible if whenever a Jungck sequence
of the pair (f, g) converges to some gx∗ with x∗ ∈ CO(f, g), then f and g commute
at x∗.

Remark 3.2. The concept of J-weakly compatible pair is more general than that
of weakly compatible. Indeed, every weakly compatible pair (f, g) is a J-weakly
compatible pair, but the converse of this fact is not necessarily true.

Example 3.3. Let X = [0,∞), A = C1([0, 1],R) be the Banach algebra with point-
wise multiplication and the norm defined by ‖x(t)‖ = ‖x(t)‖∞ + ‖x′(t)‖∞. Let
P = {x(t) ∈ C1([0, 1],R) : x(t) ≥ 0 for all t ∈ [0, 1]}; then P is a solid cone in A.
Define a function d : X ×X ×X → P by

d(x, y, z) =

{
(xy + yz + zx)et, if x 6= y 6= z;

0, otherwise.

Then (X, d) is a cone 2-metric space over Banach algebras A. Let f, g : X → X be

defined by fx = x2 for all x ∈ X and gx =
x

2
for all x ∈ X. Then, it is obvious that

the pair (f, g) is J-weakly compatible, but it is not a weakly compatible pair. Indeed,

x =
1

2
is a coincidence point of the pair (f, g), but fg 1

2 = 1
16 6= gf 1

2 = 1
8 .

Let X be a nonempty set and by P (x, y, z) denote the collection of all permutations
of x, y, z ∈ X. A nonempty subset T ⊆ X ×X ×X is called a ternary relation on X
and (X, T ) is called a ternary structure. Three elements x, y, z ∈ X are called related
by T if at least one permutation of (x, y, z) is an element of T . A ternary relation T
on X is called transitive if the following implication holds: (x, y, z), (y, w, z) ∈ T =⇒
(x,w, z) ∈ T .

A sequence {xn} in X is called a T -sequence if (xn−1, xn, a) ∈ T for all a ∈ X.

Definition 3.4. Let (X, T ) be a ternary structure and f : X → X be a mapping.
Then, f is called T preserving if: (x, y, z) ∈ T =⇒ (fx, fy, z) ∈ T for all x, y, z ∈ X.

Example 3.5. Let (X, T ) be an arbitrary ternary structure and f : X → X be the
mapping defined by fx = x for all x ∈ X. Then, f is T preserving.

Example 3.6. Let X = R3 and ‖ · ‖ be the Euclidean norm on X. Define a ternary
relation T on X by: T = {(x, y, z) : ‖x‖ ≤ ‖y‖ ≤ 1, ‖z‖ = 1}. Let f : X → X be
the rotation about the axis of x through an angle θ in anti-clockwise direction, i.e.,
f(x1, x2, x3) = (x1, x2 cos θ − x3 sin θ, x2 sin θ + x3 cos θ). Then f is T preserving.

Definition 3.7. Let (X, T ) be a ternary structure and f, g : X → X be two map-
pings. Then, f is called T preserving with respect to g if: (gx, gy, z) ∈ T =⇒
(fx, fy, z) ∈ T for all x, y, z ∈ X.
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It is obvious that if we choose g as the identity mapping, then a T preserving
mapping with respect to g is reduced into T preserving mapping. The next example
shows that a T preserving mapping with respect to g may not be a T preserving
mapping.

Example 3.8. Let X = R3 and T be the ternary relation which relates all the points
of xy-plane inside and on the unit circle C : x2 + y2 = 1, i.e.,

T = {((x1, x2, 0), (y1, y2, 0), (z1, z2, 0)) : (x1, x2), (y1, y2), (z1, z2) ∈ C}.
Let f, g : X → X be mappings defined by f(x1, x2, x3) = (2x1, 2x2, sinx3);
g(x1, x2, x3) = (4x1, 4x2, x3 − π) for all x1, x2, x3 ∈ R. Then f is not T preserv-
ing, but T preserving with respect to g.

Definition 3.9. Let (X, T ) be a ternary structure, (X, d) be a cone 2-metric space
and f : X → X be a mapping. Then, f is called a contraction with respect to T
if there exists k ∈ P such that ρ(k) < 1 and the following condition is satisfied:
d(fx, fy, a) � kd(x, y, a) for all x, y, a ∈ X with (x, y, a) ∈ T . The vector k is called
the contractive vector of T .

Example 3.10. Let (X, d) be an arbitrary cone 2-metric space over Banach algebra
and T = {(x, x, a) : x, a ∈ X} be a ternary relation on X. Then, the mapping
f : X → X defined by fx = x for all x ∈ X is a contraction with respect to T with
an arbitrary contractive vector k ∈ P such that ρ(k) < 1.

Example 3.11. Let A = R2 be equipped with vector multiplication (x1, x2)(y1, y2) =
(x1y1, x1y2 + x2y1), P = {(x1, x2) : x1, x2 ≥ 0}. Let X = R3 and define d : X ×X ×
X → A by d(x, y, z) = (ρn, αρ), where ρ = min{‖x− y‖, ‖y− z‖, ‖z − x‖}, ‖ · ‖ is the
norm on R3 defined by ‖x‖ = |x1| + |x2| + |x3| for all x = (x1, x2, x3) ∈ X; finally,
let α, n be some fixed positive integers. Then (X, d) is a cone 2-metric space. Define
a ternary relation T on X by T = {((0, x1, x2), (0, y1, y2), (z1, z2, z3)) : x1, x2, y1, y2 ≤
1, z1, z2 ≥ 2}. If f : X → X is defined by f(x1, x2, x3) =

(
x1 + 1, x2

2 ,
x3

2

)
, then f is a

contraction with respect to T with a contractive vector k =
(
1
2 ,

1
2

)
∈ P .

A more general class of contractions is defined as follows:

Definition 3.12. Let (X, T ) be a ternary structure, (X, d) be a cone 2-metric space
and f, g : X → X be two mappings. Then, f is called a g-contraction with respect to
T if there exists k ∈ P such that ρ(k) < 1 and the following condition is satisfied:

d(fx, fy, a) � kd(gx, gy, a) (1)

for all x, y, a ∈ X with (gx, gy, a) ∈ T . The vector k is called the contractive vector
of T .

Note that, for g = IX , the identity mapping of X, a g-contraction with respect to
T reduces to a contraction with respect to T .

Theorem 3.13. Let (X, T ) be a ternary structure and (X, d) be a cone 2-metric space.
Suppose f, g : X → X are two mappings such that f(X) ⊂ g(X). Suppose f is a g-
contraction with respect to T with contractive vector k and the following conditions
hold:
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(i) g(X) is complete;

(ii) there exists x0 ∈ X such that (gx0, fx0, a) ∈ T for all a ∈ X;

(iii) f is T preserving with respect to g;

(iv) if {gxn} is a T -sequence such that gxn → gz, then (gxn, gz, a) ∈ T and (gz, ggz, a)
∈ T for all a ∈ X.

Then f and g have a coincidence point x∗ ∈ X. In addition, if the pair (f, g) is
J-weakly compatible, then f and g have a common fixed point.

Proof. Since f(X) ⊂ g(X), we can construct a Jungck sequence of the pair (f, g) with
initial point x0, i.e., fxn−1 = gxn = yn, n ∈ N. We shall show that the sequence {yn}
is a T -sequence. Then, since (gx0, fx0, a) = (gx0, gx1, a) = (y0, y1, a) ∈ T for all
a ∈ X and f is T preserving with respect to g we have (fx0, fx1, a) = (y1, y2, a) ∈ T
for all a ∈ X. Repeating this process we obtain

(yn−1, yn, a) = (gxn−1, gxn, a) ∈ T for all a ∈ X,n ∈ N. (2)

Thus, {yn} is a T -sequence. We next show that {yn} is a Cauchy sequence.

Using (2) and the fact that f is g-contraction with respect to T with contrac-
tive vector k we obtain d(yn, yn+1, a) = d(fxn−1, fxn, a) � kd(gxn−1, gxn, a) =
kd(yn−1, yn, a) for all a ∈ X. Repeating the above process we obtain

d(yn, yn+1, a) � knd(y0, y1, a) for all a ∈ X,n ∈ N. (3)

If r, s ∈ N and s > r, then using (2) and the fact that f is g-contraction with re-
spect to T with contractive vector k we obtain d(ys+1, ys, yr) = d(fxs, fxs−1, yr) �
kd(gxs, gxs−1, yr) � kd(ys, ys−1, yr). Repeating this process s − r times we get
d(ys+1, ys, yr) � ks−rd(yr+1, yr, yr) = θ.

Suppose n,m ∈ N and n > m, then for all a ∈ X using (3) we have

d(yn, ym, a) � d(yn, ym, yn−1) + d(yn, yn−1, a) + d(yn−1, ym, a)

� θ + kn−1d(y0, y1, a) + d(yn−1, ym, a)

� kn−1d(y0, y1, a) + d(yn−1, ym, yn−2) + d(yn−1, yn−2, a) + d(yn−2, ym, a)

� kn−1d(y0, y1, a) + θ + kn−2d(y0, y1, a) + d(yn−2, ym, a)

�
[
kn−1 + kn−2

]
d(y0, y1, a) + d(yn−2, ym, a).

Repetition of this process yields

d(yn, ym, a) �
[
kn−1 + kn−2 + · · ·+ km

]
d(y0, y1, a)

� km
[
e+ k + k2 + · · ·+ kn−m−1 + · · ·

]
d(y0, y1, a).

Since ρ(k) < 1, the vector e − k is invertible and (e − k)−1 =
∑∞
i=0 k

i. By using
this result in the above inequality we obtain d(yn, ym, a) � km(e − k)−1d(y0, y1, a).
Also, by Remark 2.2 we have ‖kn‖ → 0 as n → ∞, therefore, by Lemma 2.1, for
every c ∈ P ◦ there exists n0 ∈ N such that km � c for all n > n0, and so, kn is a
c-sequence. Using Proposition 2.4 we obtain km(e − k)−1d(y0, y1, a) is a c-sequence,
and so, by Lemma 2.1, the sequence d(yn, ym, a) is a c-sequence. This shows that the
sequence {yn} = {gxn} is a Cauchy sequence.
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By completeness of g(X), there exists x∗ ∈ X such that yn = gxn = fxn−1 → gx∗

as n → ∞. We shall show that x∗ is a coincidence point of the pair (f, g), i.e.,
fx∗ = gx∗.

By condition (iv) we have (gxn, gz, a) ∈ T . Then since f is a g-contraction with
respect to T with contractive vector k, we obtain d(yn+1, fx

∗, a) = d(fxn, fx
∗, a) �

kd(gxn, gx
∗, a) = kd(yn, gx

∗, a) for all a ∈ X.
Since yn → gx∗ as n → ∞, for every c ∈ P ◦ there exists n1 ∈ N such that

d(yn, gx
∗, a) � c for all n > n1. Therefore, {d(yn, gx

∗, a)} is a c-sequence. By
Proposition 2.4 we obtain {kd(yn, gx

∗, a)} is a c-sequence. Therefore, by Lemma 2.1
{d(yn+1, fx

∗, a)} is a c-sequence, and so, yn → fx∗ as n→∞. By the uniqueness of
limit in cone 2-metric spaces we have fx∗ = gx∗ = z∗ (say). Thus, x∗ is a coincidence
point of the pair (f, g) and z∗ is the corresponding point of coincidence of the pair
(f, g).

Suppose f and g are J-weakly compatible. Then, since the Jungck sequence
{yn} of the pair (f, g) converges to gx∗, we have fgx∗ = gfx∗ = ffx∗ = ggx∗.
By the assumption (iv), we have (gx∗, ggx∗, a) ∈ T for all a ∈ X. We claim that
fz∗ = z∗. On contrary, suppose that fz∗ 6= z∗. Therefore, there exists z ∈ X such
that d(z∗, fz∗, z) 6= θ. Using the condition (1) we obtain that, for all a ∈ X,

d(z∗, fz∗, a) = d(fx∗, fgx∗, a) � kd(gx∗, gfx∗, a) = kd(z∗, fgx∗, a) = kd(z∗, fz∗, a).

Thus, d(z∗, fz∗, a) � kd(z∗, fz∗, a), and as ρ(k) < 1, we must have d(z∗, fz∗, a) = θ
for all a ∈ X. This contradiction shows that fz∗ = z∗. Again, gz∗ = gfx∗ = fgx∗ =
fz∗ = z∗. Thus, z∗ is a common fixed point of f and g. �

Example 3.14. Let X, A, P and d be as in Example 3.3. Define f, g : X → X by

fx =

{
x2, if x ∈ [0, 1];

1/2, otherwise
and gx =

{
2x2, if x ∈ [0, 1];

1/x, otherwise.

Define a ternary relation T on X by T = {(x, y, z) ∈ X×X×X : x, y,∈ [0, 1], z ∈ X}.
Then, by routine calculations, one can see that f is a g-contraction with respect to T
with contractive vector k(t) = 1/2. All the conditions of Theorem 3.13 are satisfied,
and so the pair (f, g) has a common fixed point, namely, (0, 0) is the desired common
fixed point.

Corollary 3.15. Let (X, T ) be a ternary structure and (X, d) be a cone 2-metric
space. Suppose f : X → X is a contraction with respect to T with contractive vector
k and the following conditions hold:
(i) X is complete;

(ii) there exists x0 ∈ X such that (x0, fx0, a) ∈ T for all a ∈ X;

(iii) f is T preserving;

(iv) if {xn} is a T -sequence such that xn → z, then (xn, z, a) ∈ T for all a ∈ X.
Then f has a fixed point.

Proof. Assuming g = IX in Theorem 3.13 we obtain the desired result. Note that,
when following the lines of proof of Theorem 3.13 with g = IX , the condition
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“(gz, ggz, a) ∈ T for all a ∈ X” in Theorem 3.13 (iv), is not required for the proof,
so now it can be omitted. �

Definition 3.16 ([5]). Let P be a cone in a Banach algebra A. A nondecreasing
function ϕ : P → P (i.e., x, y ∈ P, x � y implies ϕ(x) � ϕ(y)) is called a comparison
function if it satisfies:
(i) ϕ(θ) = θ and θ ≺ ϕ(x) ≺ x for all x ∈ P \ {θ}.
(ii) If x ∈ intP then x− ϕ(x) ∈ intP .

(iii) limn→∞ ϕn(x) = θ for all x ∈ P \ {θ}.
We denote by Φ the set of all comparison functions on P .

Definition 3.17. Let (X, T ) be a ternary structure and (X, d) be a cone 2-metric
space. Suppose f : X → X is a mappings and ϕ ∈ Φ. Then, f is called a ϕ-contraction
with respect to T if: d(fx, fy, a) � ϕ(d(x, y, a)) for all x, y, a ∈ X with (x, y, a) ∈ T .

Definition 3.18. Let (X, T ) be a ternary structure and (X, d) be a cone 2-metric
space. Suppose f, g : X → X are two mappings and ϕ ∈ Φ. Then, f is called a
g-ϕ-contraction with respect to T if

d(fx, fy, a) � ϕ(d(gx, gy, a)) (4)

for all x, y, a ∈ X with (gx, gy, a) ∈ T .

Again, it is easy to see that the ϕ-contractions with respect to T are a particular
case of g-ϕ-contractions with respect to T .

We next prove a common fixed point result for the pair (f, g) when f is a g-ϕ-
contraction.

Theorem 3.19. Let (X, T ) be a ternary structure, (X, d) be a cone 2-metric space
and T be transitive. Suppose f, g : X → X are two mappings such that f(X) ⊂ g(X),
f is a g-ϕ-contraction with respect to T and the following conditions hold:
(i) g(X) is complete;

(ii) there exists x0 ∈ X such that (gx0, fx0, a) ∈ T for all a ∈ X;

(iii) f is T preserving with respect to g;

(iv) if {gxn} is a T -sequence such that gxn → gz, then (gxn, gz, a) ∈ T and (gz, ggz, a) ∈
T for all a ∈ X.
Then f and g have a coincidence point. In addition, if the pair (f, g) is J-weakly
compatible, then f and g have a common fixed point.

Proof. Since f(X) ⊂ g(X), we can construct a Jungck sequence of the pair (f, g) with
initial point x0, i.e., fxn−1 = gxn = yn, n ∈ N. Then, following the lines of proof of
Theorem 3.13, we obtain

(yn−1, yn, a) = (gxn−1, gxn, a) ∈ T for all a ∈ X,n ∈ N. (5)

Thus, {yn} is a T -sequence. We next show that {yn} is a Cauchy sequence. Then,
using (5) and the fact that f is g-ϕ-contraction with respect to T we obtain

d(yn, yn+1, a) = d(fxn−1, fxn, a) � ϕ(d(gxn−1, gxn, a)) = ϕ(d(yn−1, yn, a))
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for all a ∈ X. Repeating the above process and using the properties of ϕ we obtain

d(yn, yn+1, a) � ϕn(d(y0, y1, a)) for all a ∈ X,n ∈ N. (6)

For c� θ, we can choose n0 ∈ N and δ > 0 such that c−ϕ(c) + {u ∈ E : ‖u‖ < δ} ⊂
intP, ‖ϕn(d(y0, y1, a))‖ < δ and ϕn(d(y0, y1, a)) � c − ϕ(c) for all n > n0, a ∈ X.
Therefore, by (6) and the above inequality we obtain

d(yn, yn+1, a)� c− ϕ(c) � c for all n > n0, a ∈ X. (7)

Suppose n, r ∈ N; then by (5) we have (gxn, gxn+1, a), (gxn+1, gxn+2, a), . . . ,
(gxn+r−1, gxn+r, a) ∈ T for all a ∈ X,n ∈ N. Since T is transitive we have
(gxn, gxn+r, a) ∈ T for all a ∈ X,n, r ∈ N. Then, for n > n0, using (4), (7) and
the above inclusion we have

d(yn, yn+2, a) � d(yn, yn+2, yn+1) + d(yn, yn+1, a) + d(yn+1, yn+2, a)

= d(yn, fxn+1, fxn) + d(yn, yn+1, a) + d(fxn, fxn+1, a)

� ϕ(d(gxn, gxn+1, yn)) + d(yn, yn+1, a) + ϕ(d(gxn, gxn+1, a))

= ϕ(d(yn, yn+1, yn)) + d(yn, yn+1, a) + ϕ(d(yn, yn+1, a))

� θ + c− ϕ(c) + ϕ(c) = c.

Similarly, for n > n0 we obtain

d(yn, yn+3, a) � d(yn, yn+3, yn+1) + d(yn, yn+1, a) + d(yn+1, yn+3, a)

= d(yn, fxn+2, fxn) + d(yn, yn+1, a) + d(fxn, fxn+2, a)

� ϕ(d(yn, gxn+2, gxn)) + d(yn, yn+1, a) + ϕ(d(gxn, gxn+2, a))

= ϕ(d(yn, yn+2, yn)) + d(yn, yn+1, a) + ϕ(d(yn, yn+2, a))

� θ + c− ϕ(c) + ϕ(c) = c.

By induction, we obtain d(yn, yn+r, a) � c for all r ∈ N and n ≥ n0. Thus, {yn} =
{gxn} is a Cauchy sequence. By the completeness of g(X), there exists x∗ ∈ X such
that yn = gxn = fxn−1 → gx∗ as n → ∞. In the same way as in the proof of
Theorem 3.13 it can be shown that x∗ is a coincidence point of the pair (f, g), with
z∗ = fx∗ = gx∗ being the corresponding point of coincidence..

Suppose f and g are J-weakly compatible. Then, since the Jungck sequence {yn}
of the pair (f, g) converges to gx∗, we have fgx∗ = gfx∗ = ffx∗ = ggx∗. We shall
show that fz∗ = z∗. On contrary, suppose that d(z∗, fz∗, z) 6= θ for some z ∈ X.
Then by the assumption (iv), we have (gx∗, ggx∗, a) ∈ T for all a ∈ X. Therefore,
using the condition (4) we obtain that

d(z∗, fz∗, a) = d(fx∗, ffx∗, a) � ϕ(d(gx∗, gfx∗, a)) = ϕ(d(z∗, fz∗, a) ≺ d(z∗, fz∗, a).

This contradiction shows that d(z∗, fz∗, a) = θ for all a ∈ X. Therefore, fz∗ = z∗.
Again, gz∗ = gfx∗ = fgx∗ = fz∗ = z∗. Thus, z∗ is a common fixed point of f
and g. �

Corollary 3.20. Let (X, T ) be a ternary structure, (X, d) be a cone 2-metric space
and T be transitive. Suppose f : X → X is a ϕ-contraction with respect to T and the
following conditions hold:
(i) X is complete;
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(ii) there exists x0 ∈ X such that (x0, fx0, a) ∈ T for all a ∈ X;

(iii) f is T preserving;

(iv) if {xn} is a T -sequence such that xn → gz, then (xn, z, a) ∈ T for all a ∈ X.
Then f has a fixed point.

Proof. Assuming g = IX in Theorem 3.19 we obtain the desired result. Note that,
when following the lines of proof of Theorem 3.19 with g = IX , the condition
“(gz, ggz, a) ∈ T for all a ∈ X” in Theorem 3.19 (iv), is not required for the proof,
so now it can be omitted. �

Example 3.21. Let X, A and P be as in Example 3.3. Define a mapping d : X×X×
X → P by d(x, y, z) = ρet for all x, y, z ∈ X, where ρ = min{|x− y|, |y − z|, |z − x|}.
Then (X, d) is a cone 2-metric space over Banach algebra A. Define a ternary relation
T onX by T = {(x, y, a) : x, y ∈ [0, 1]∩Q, a > 1}∪{(0, 0, a) : a ∈ X} and the mappings
f, g : X → X by

fx =

{ x

1 + x
, if x ∈ Q;

0, otherwise
and g(x) = x for all x ∈ X.

Then, it is easy to see that all the conditions of Theorem 3.19 are satisfied with

ϕ(ψ(t)) = ψ(t)
1+ψ(t) for all ψ ∈ P , and so, by Theorem 3.19 the pair (f, g) has a common

fixed point, namely, (0, 0) is the desired common fixed point.

Acknowledgement. The authors are thankful to the referee for critical remarks
on this paper.
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