MATEMATWUYKN BECHUK UDK 514.763.4
54 (2002)’ 219-226 OPUTMHAJIHU HAYYHU DA

research paper

INFINITESIMAL DEFORMATIONS OF CURVATURE TENSORS
AT NON-SYMMETRIC AFFINE CONNECTION SPACE

Ljubica S. Velimirovié, Svetislav M. Minéié¢, Mic¢a S. Stankovié

Abstract. At the present work we consider infinitesimal deformations of geometric objects,
especially of curvature tensors, at a space Ly of non-symmetric affine connection.

0. Introduction

We consider a space Ly of a non-symmetric affine connection L;k with the
torsion tensor T}, = L%, — Lj; at local coordinates z* (i = 1,...,N). Basic
information on infinitesimal deformations one can find at [4-11].

Let zf, 4 =1,..., N be local coordinates at Ly and let us define infinitesimal
deformations of space Ly in the next manner.

DEFINITION 0.1. A transformation f: Ly — Ly: z = (z',...,2") = (zf) —»
z=(z',...,z"V) = ('), where
T =1z + z(x)e, (0.1)

or in local coordinates

jl:xz+zz(a‘-])€7 i?j:]‘7"'7N7 (0'11)

where ¢ is an infinitesimal, is called infinitesimal deformation of a space Ly, deter-
mined by the vector z = (z¢), which is called the field of infinitesimal deformation
(0.1").

Under deformation of a space according to (0.1') some geometrical objects are
deformed. The fact that geometric object is given at point z at local coordinates

z?, is denoted by A(i,z). Under deformation (0.1') we get geometric object A,
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which can be considered at the same point and at the same coordinate system (see
[6,7,10,11]).

REMARK 0.1. In this study of infinitesimal deformations according to (0.1'),
quantities of an order higher then the first with respect to € are neglected.

_ DEFINITION 0.2. The magnitude DA, the difference between deformed object
A and initial object A at the same coordinate system and at the same point with
respect to (0.1"), i.e

DA = A(i,z) — A(i, z), (0.2)
is called Lie difference (Lie differential), and the magnitude
L. A = lim DA _ lim Ali,z) = Ali,z) (0.2))
e—0 € e—0 3

is Lie derivative of geometric object A(i, ) with respect to the vector field z =

(2'(27)).
Using the relation (0.2), for deformed object A(i,z) we have
A(i,z) = A5, z) + DA, (0.2")
and thus we can express A, finding previously DA.

From (0.2") we get

DA
—~ =L, A+e1,e1 =20, if £—0,
and DA =eL, A+ eeq, ie.
DA =el, A, (0.3)

where g1, as an infinitesimal value of the higher order with respect to ¢, is omitted.

As it is known (see [6,7]), for an arbitrary tensor t“’ ’3‘; we have
u
P = - o (1)t o ()
a=1 (0.4)
= Lot e

where we denoted, for instance, 2%, = 8z*/92?, and

p tn _ti1---ia—1pia+1---iu JB t“ tzl
i Ji-- Jv Jie-Ju ’ Ji.. .71.1 Ji-. Jﬁ 1PJB+1-+-Jv "
a p

For the connection coefficients we have

DLy, = (Ljy, 2" + 2 — 25 L0y + 25 L0 + 25 L )e = L. Liye.  (0.5)

ka
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Because of non-symmetry of the connection, at Ly we can consider two types
of covariant derivatives for a vector and four types for general tensor. So, denoting

by [(8 =1,...,4) the derivative of the type 8, we have ([1]-[3]):
9

u v .
7RO Y PR Z ia [P\ i1 i p 18\ yi1.in
bl im =t m Ly (l ) J1eedv Z LJﬁm <p ) ZA
: a=1 ™P \'@ B=1 ™ip
rm .
3 mp mig
4 Jﬁm

(0.6a — d)

By virtue of Ricci-type identities twelve curvature tensors in Ly are obtained

[1,2,3]. Among these tensors only five of them are independent:

‘ll%;.'mn = Lj’m,n - L;'n,m + L;)mL;m o L?"L;’m’

Bl = Linjin = Injom + LiniLnp = DLy

}gémn = L;'m,n - Lilj,m + L?mLilp - Lfle;)m + Lf’mT;j’

gémn = L;'m,n - Lij,m + L_I;mL;LP - LfLJL;’m + L%”ng’
) 1, i i i

-lfi%;mn = i(L.z]m,n + L:n]," - L;"’m - L:l]’m

+IP LE 4+ IP LI —IP Li —IP. I ).

jm~pn mjnp jn—~mp nj~'pm

If we define symmetric connection
gik = 5 Wik ki)
its curvature tensor
i _ri
‘ﬁjmn - %’jm,n

—Li 4+ P [} [P [k
0 0 0 0

jn,m imypn jngpm

(0.11)

(0.12)

(0.13)

is an ordinary Riemann-Christoffel’s curvature tensor of symmetric connection.
Denoting by semicolon (;) covariant derivative with respect to symmetric connection

then according to [3], we have

B = Bun + 3Tn = 3Thn + 17T = T
Bl = Bjmn — %Tfm;n + %ijm - inngn - iTJ?’nT;,'m,
B = B+ 5 Tmin + 5 Tinm = 3T o+ 17T = 5 Th T
pioo—pgiipi g lpe i lgw i Lo i
4 Jmn gimn T g=jmin T 9 juim 4T jmTpn T 4T jnTpm T 9T mn=pj

) ) 1 . 1 .
'?_Zimn =R, +-T0 T +-TF T,

ijn 4~ JmTpn 47 Jn pm*
At (0.14-18) all the addends at the right side are tensors.

(0.14)

(0.15)

(0.16)

(0.17)
(0.18)

At the present work we will consider infinitesimal deformations of cited five

curvature tensors.



222 Lj. S. Velimirovi¢, S. M. Minci¢, M. S. Stankovi¢

1. Infinitesimal deformations of curvature tensor 112

~ 1.1. According to the (0.7) for deformed first curvature tensor at Ly, i.e. for
11%, we have

ijn(x) = Ez

1 jm7n

-L, .+ LF LY —LF L (1.1)

jm~—pn jn—"pm>
and with respect to L, (z) = L, (x) + DL}, we have
+ (L%, +DL? (L}, +DL:,) — (L%, + DL? )(Li,, +DL},).

Developing this and omitting the members of the form DL -DL, as they include
(£)?, we have

Ri — Li

1 jmn jm,n

+ (DL;‘m),n - Li (DL;‘n)am + Lp Li

jinm im~pn
+ LY DL, + (DL} )L, — L% L) —L* DL —(DL! )L, (1.2)

As DL%, is a tensor, we can consider covariant derivative:

(DL!,) 1n = (DLi) 0 + L;'mDLg.’m - Lg.’nDL;;m — L? DL}

1 Jp
where . . _ ' .
(DL)m + L, DLE = (DL,,) In +LF DL, + L, DL}, (1.3)
and in the same manner
(DL:,)m + Ly, DLE, = (DL},,) |m + L DL, + Lk, DL}, (1.3

If we have in mind (0.7), (1.3, 3), the equation (1.2) becomes

Bjpun = Rjmp + (PLj) In+ L% DL. . + Lk DL
—(DLE) m = rt DL, — L, DL} +LF DL, —L* DL,
i.e.
Bjpnn = Rjn + (DL5,,) n— (DL%,) jm+ TP, DL . (1.4)
From here
DR = Rjpun = Rinn = (DLjy) n— (DL%,) m + T?, DL, (1.4')

and (dividing with ¢):
£z]1%i = (EzLj'm)m - (EZL;n)lm + Trﬁnch;’p- (1‘411)

jmn
1
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1.2. We can also start from (0.14), and then we have
Dt _ pt 1 L= 1’11 i lfp i
Il{jmn B }Ozjmn + QTjM;” B Qijm + 4ijTpn - 4Tjn pm
B ) 1 . . 1 . .
= FPR, 5T DTl T+ DT
1

. . 1 . .
+ Z(T;’m + D1}, (T, + DT,,,) — Z(T;’n + DT}, ) (Tpm + DT,,)-
Omitting the members containing DT - DT, we get

. . . 1 . 1 . 1_. 1 .
S— -1 i —Ti z iy o _ i C iy
‘ﬁjmn N }.?jmn + D}(]%jmn + 2T]m;n + Q(Dij)’n QTJn;m 2 (DTJn)’m

1
+ =

1 (Tt . T}, + 10 DT}, + DTV Ty, — T Ty, — Th DTy, — DTH T ).

So, with respect to (0.14), one obtains

. ) . 1 . 1 . 1 : ;
}12;% = }lz;mn +D‘§;mn + 5 (DT;m)," - Q(DT;n),m + ZD(Tgmezgn _TfnTgm)a (15)
wherefrom
. . 1 . . 1 . .
D?;mn = D‘lg;mn + E(DT;m)yﬂ - E(DT;n),m + ZD(T]me;n - T]pnT;m) (15’)

where ; denotes covariant derivative with respect to % (0.12), and (dividing with €):

) ) 1 . 1 ; 1 ; ;
‘Cz?_lymn = 'CZ-%%;'mn + i(ﬁzT;m);n - §(£ZT;n);m + Z;CZ (T]me;n — Tp T ) (1.511)

jintpm
2. Infinitesimal deformations of curvature tensor R
2

2.1. In the similar manner as for 11%, using (0.8), we get

and corresponding expressions for D}2%§-mn and £212%§-mn.

2.1. Starting from (0.15), we obtain

_ ) . 1 . 1 ; 1 ; ;
},};'mn = }Zzémn +D§;mn - 5 (DT_;m)n + i(DT;n),m + ZD(Tgme;n _TfnT;)m)' (2'2)

3. Infinitesimal deformations of curvature tensor 132

3.1. Starting from (0.9), we obtain
‘?j’mn = L;'m,n + (DL;m),n - Litj,m - (DLibj)am + L?mL;bp + L?mDL:Lp +DL
—I? L, — L% DL, — DI, L

b iLbm + L, Ta; + L, DTy + DLA, Tpi. (3.1)

PLi

jm~np
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In relation to

(DLip) |n = (DLE) i + L;pDLg’m - Lgan;')m —I» DL

jp>
4

(DL};) jm = (DLy;).m + LymPLY; = L%, DL, — L} DL

np’
one obtains respectively
(DL,.) . + Ly, DS, = (DL,) ot L% DL, + Lk DL},

(DLi;) m + Lk, DLE . = (DLL)) jm L%, DLi; + L2 DL .

nj
Using these equations and (0.9), the equation (3.1) becomes
B = Bjpun + (DLjy,) | L? DL, +LP, DL, — (DLL)) m
- L?,DL,, — Lt ‘'DL:, + L% DL, — L} DL, + L%, DT, + Ty, DLE,,,

that is
3 jmn

Ri = ‘l:?;mn + (DL;m)‘lln - (IDL;])Lm

+ T DL, . +Th DL, + L%, DT; + D(T,; LY, ). (3.2)

7 nm

3.2. According to (0.16), we get

_ . . . 1 . 1 . 1 _. 1 :
13%jmn = ‘%%;mn + D‘lo%;mn + ET_;m;n + i(DT;m)JL + iszn;m + E(DT;H),m
1 . 1 , 1 , 1 . 1 .
— 10T = 375D, — 7 DT8, T + 2 T8 T + 10, DT,
1 . 1 . 1 . 1 )
+ 1 DI8 T — 5Tk Th = 5Tha DT — 5DTH, T,
i.e.

_ . . 1 . 1 ;
R = 1321 + D‘lo{;mn + §(DT;m)7n + §(DT;n)7m

3 jmn jmn

1 . . .
+-D(TE TP —Ti TP _2TiTP ). (3.3)

4 pm~ jn pn-jm pj— mn

4. Infinitesimal deformations of curvature tensor 142

4.1. Starting from (0.10) and using the procedure which is similar to that used
for 13%, we obtain

jmn jmn
4 3

+TP, DL, + TV, DL, + L%, DT}, + D(T5LPE,)  (4.1)

plI—mn
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4.2. Using (0.17), we obtain for 1}12

. ) . 1 . 1 ;
]f;'mn = ‘;f;mn + D‘lo{;mn + §(DT;m)7n + §(DT;n)7m
1 . . .
+ DT Th, = T Th, + 2T5T8,).  (4.2)

5. Infinitesimal deformations of the tensor 152

5.1 According to (0.11) we have

2Rjn = Ljmn + (DLjp);n + Ly + (DLyyj),n = Lip = (DL, ), m
— L m— (DLL),m+ L5 L+ L% DL + (DL% )L, +IF L
+ L} DL, + (DL} )L;,— L% L. — L% DL,
- (pL? )L, — Lb, L, — LF DL, — (DL} )L, (5.1)

By differentiating the Lie differences one obtains

(DLi,)jn = (DLi,) i + L;'mDLgm - qu.pL; _ILP DILi
3

3

( 99
(DL},;) |n = (DL,;)m + L}, DL} — Lk, DL — L? DL},
(DL};)\m = (DL};)m + L}, DL} — LF DL} — L* DL} _,
(

(DL},) | = DL!,)m + LinpDL;’n - Lg?mDL;'m —L?, DL,

If we substitute at (5.1) three members from the right sides of previous four equa-
tions, we get

B =R 4+ 3[(DLy) i~ (PLy)m + (PLi) o = (PLia) ] (5:2)

1
5 jmn 5imn 2 3 4
5.2. If we start from (0.18), we have

_. ) ; 1 i i
]5%’. = %%z + D%{Z + Z[Tp T, + TmeDTlgn

jmn jmn Jmn Jym=— pn
+ (DT}, )T}, + TE Ty, + TF, DTy + (DTH )Ty
According to (0.18) the previous equation becomes:

_ . . . 1 . . . .
By = Bi + DRy + (T8, DT} + (DTS, T}, + TF, DT, + (DTE)T;,),

5 jmn jmn jmn
ie.

_ . , , 1 , ,
Ry = Rl + DRYy + 7 D(THTh + THT;,). (5.3)

5 Jmmn jmn oJmn jm~=pn jn"pm
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