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Mirjana V. Vidanovié¢ and Violeta N. Aleksié

Abstract. In this paper we present a survey of the results given in the papers [11, 12, 13, 14].
Connections between integral transforms and some Schlémilch series have also been considered.
These series are represented in terms of the Riemann zeta and related functions of reciprocal
powers and can be brought in so called closed form in certain cases, which means that the infinite
series are represented by finite sums. As applications of our results, recursive relations of some
related functions and the sums of new Schlomilch series involving the Neumann, MacDonald,
Struve or Bessel functions are given as well.

1. Introduction

Bessel functions have been required in recent years in various problems of
mathematical physics, acoustics, hydrodynamics, radio-physics, nuclear physics,
etc. Numerical values of sums involving Bessel or Struve functions are particularly
required in certain problems of telecommunication theory, electrostatics, etc. For
this reason it is useful to have results in closed form. By combining some integral
transforms (trigonometric, Laplace, Bessel, Mellin) and Bessel functions we can
obtain the sums of new series.

We will consider certain types of the Schlomilch series (see [15]) in the form of
> gnBy((an —b)z), where B, denotes the Bessel J,, Neumann Y,, MacDonald
K, or Struve H, function, and ¢, is a sequence of reciprocal powers of natural
numbers an — b, where a =1 and b =0 or a = 2 and b = 1. In more general cases
qn is multiplied by 1/((an — b)? — w?), with w € R and w # an — b.

We first sum the series (see [11])

e _ 2 (5)"tou((an — b)z)
2= n§1 (an — b)~

. sga=§ 0 ellen b W

1 (an — b)~((an — b)2 — w?)’

wherea € R,a={}} b={},s=1,0r —1,w € R, w # an—b, ¢, denotes Bessel
Jy(z) or Struve H,, (z) functions of the first kind and of order v. We evaluate and
represent these series as the series in terms of the Riemann zeta function and related
functions of reciprocal powers. The obtained sums can be brought in certain cases
in closed form. By applying integrals containing trigonometric or Bessel/Struve
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functions, by means of the above two series, we find the sums of new series (10)
(see [12]) and (20) (see [15]), respectively. Applications of our results to finding the
sums of new Schlomilch series are also given in the last section.

2. Sums of some trigonometric series

The method for obtaining the first sum in (1) relies on the summation of
trigonometric series. We use the following formula (see [11])

& () f((an —b)x)  cmze! o (—1)!F(a— 2i — 0)
=X ™ n-be M@ tE @

a2, (2)

where f = {¥"} § = {!}, @ € R*, and all relevant parameters are given in Table

I, in which (,7n, A and 8 represent the Riemann zeta function and related functions
(see [1)).

A special, but frequent case is a truncation of the right-hand side series and
it is because functions F' take the value zero at certain points (see Table IT), when
we obtain a closed form formula

a-tl m (—1)F(a—2i—4) ., sin 1
Tf: _1)m CTTx ( 2,+5’ — 5 = . 3
= Tyt A T @i © F={et*={o} ®)
Table I Table II: closed form case

Applying integral transforms one can obtain various trigonometric series. For
instance, if in (3) we take f = cos,0 =0,s =1,a=1,b=0,F = (, ¢ = 1, then
apply the Laplace transform, we obtain

& P T3 ()¢ —2i)
[ S——— . ATV A2 S
n§1 ne (p2 + nz) ( ) 2pe + igo p21‘+1

(4)

Now we apply the inverse Mellin transform to this series, knowing that

2 1 1 1 (log 3)* 1
M-t ( ) _ cos(nlogz) =< M-t (_) _) s a<l
22+ n? 0 T>1, v 0 > 1,
(see [6], p. 166, 2.16 and p. 167, 2.25), coming to the sum of a trigonometric series

= cos(nlogz)  (—1)/%x 1\ M (=1)¢(a — 29) 1\*
n{:l no - 2(a — 1)! (log x) + Eo (24)! (log w) » &<l
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In order to sum the second series in (1), we require the following formula first
obtained in [11]

£ _Orlen b __sd(o0) i )
n=1 (an — b)*((an — b)? — w?) 2w?2m+2 4w?m+d cos T2 2a
m _1)itdp2itd— m _1EF(2 — 1
+c—7r2 ( 1')+$.2+ 2 —ZM( 1) F(21.2k+d 1 6):52’“"'5, ()
2 =1 w2m—2it+2 (21 +d - 2)' i=1 k=0 w2m—21+2(2k + (5)'

where o = 2m+d—1, weR,w;éan—b,fz{Si“} 5={(1]},M=i—1+d(1—6)

cos
and the rest of the parameters are given in Table I.

3. Series over Bessel/Struve functions and some integrals

We find the sums of series over Bessel or Struve functions (1) as series in terms
of the Riemann zeta and related functions. They reduce to closed form formulas in
certain cases.

To obtain the sum of the first series in (1) we use the method described in [9]
and [10], where the series involve only Bessel functions. However, in [11] a more
general result comprising Struve functions was given. There it was started with the
known integral representation of Bessel/Struve functions (see [1])

e e 1
tpy(z)_m/o sin®” @ f(z cos 9) df, Reu>—§, (6)

0y, = {I{f;} f = {%*}. Substituting (6) in (1) and interchanging the order of

sin
summation and integration we came to the trigonometric series, the sum of which
is given by (2) for z cos @ instead of x and for a — v in place of a. Finally, we obtain
the general formula for the summation of the first series (1)

CW(E)a_l o (*l)iF(a*I/*2Z.76) (E)u+2i+6

2 2

()T () f(r?) T & TG T i)

2 2

S¢ = (7)

where a,v € RY, v > -3 a>v, 0, = {J} F={} 6 = {},5,a,b,¢, F are

sin

given in Table I. When a — v = {*)I"}, k € Ny, which corresponds to f = {%°},
one should work with limiting values or with principal values of gamma functions.
Even in the case a — v = 1 formula (7) is the correct one. Truncation of the
second series in (7) due to vanishing of F' functions gives all closed form cases (see
Table II for @ — v instead of a). If we take, for example, ¢, = J,,, there follows
f = cos, 6 =0, and we have

(s)"~'J.((an — b)x) crxe~?! e (—1)'F(a —v — 24)gv T2
T (an b 2T (BN T (5 cos(5Ea) | &, 278 aT(0 1 it 1)

08

By applying the Laplace transform we obtain

i (s)"~*(+/p* + (an — b)%2 — p)¥ RN C)) n i (-1)iF(a—v—-2)I'(v+2i+1)

n=1 (an —b)+v,/p% + (an — b)2 G iZo 2vtRiprHlAT(w+4i+1)

where G = (2)°T (S T (2351) cos(#51),
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For the second series in (1), using (6) and then (5) for u+v = 1—d, we derived
the result

e = e 0O+ B B S ]
B E L U 8 R CEI R VUG CCRRCCRD )

which was first obtained in [11]. The method was similar to that used for the first
series in (1). For the sake of brevity, in the formula (8) we have put

A (=1) F ) 2ig2i-n—v—1 B _(=D)FF(2i—2k—p—v—0)[(k + T )w2ig2h+s
i (2i—p—v—1)! m+"——gi) St (2k + 0)! T +k+1+2)

n(8),Rev>—5,0,={;p} f={ln} F={is} 0={1h M=i-1+(1-p—
v)(1 — 0) and the rest of the parameters are in Table I, where d =1 — p — v.

We are going to apply an integral transform of the function %, i.e. we will use
trigonometric integrals, defined by

z) = /01 P(y)sinzydy, C(z) = /01 P(y) cos zy dy. (©)

If we choose ¥(y) = (1 — y?)¥~1/2, than introduce y = cosf and then multiply
integrals (9) by %, we obtain (6). Thus we consider integrals (9) a
generalization of Bessel and Struve functions. If we put these integrals in place of
Bessel or Struve functions ¢, in both series (1), we come to the series (see [12])

o= 5 ()" T((an=b)z) o = (s)"~T((an — b)) (10)

n=1 (an — b)= ’ <21 (an — b)2m+r—1((an — b)2 — w?)’

where a,w € R, w # an—b, a > 0, m € N. Parameters s, a, b are given in Table I,
treating p as d. Here T'(z) denotes S(z) or C(x) (zero in the index of St, denotes
that w = 0).

We are going to set out a method for representing the series (10) as series in
terms of Riemann zeta and related functions. This method is based on the formulas
(2) and (5). By substituting in the first series in (10) the integral of the form (9)
and interchanging the order of summation and integration, we get an integral where
a part of the integrand is the series of the type (2), which means that we can use
(2) for zy instead of = (the boundaries for zy are the same as those for z in Table
I, because of 0 < y < 1). Thus, we get the final formula for the summation of the
first series in (10):

empe—?t (-1)iF(a —2i — §)z2its

Sty = (@) (=) J, y*"l(y) dy + E @it 0)!

/0 L) dy, (1)

where a € Rt, f = {¥*] T(z) = {g((i))} 6 = {3}. The other parameters are in

cos
Table I. In some cases, listed in Table II, when the right-hand side series truncate
due to the vanishing of F' functions, representation (11) takes on a closed form where

instead of I'(a) f(%) we have (_1)a;5 (a —1)! and the sum goes to m € Ny. For
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instance, if we choose a = 1,b = 0,s = 1, from Table I there follows ¢ =1, F = (.
If we choose T' = S, then f =sin, § =1 and from Table II, a = 2m + 1. So we find

o S(nw) B N B v mo(—1)i¢(2m — 20)a2 [,
ngl n2m+l (1) 2(2m)!/0 v ) dy+i§0 (2i + 1)! ‘/0 y* T y(y) dy,

which means the infinite series (first in (10)) can be represented by a finite sum.
We will apply the same procedure to the summation of a special type of the
second series in (10), when m = 0. In the paper [11] we stated a general formula
for the summation of the series (5) for m = 0 (it is formula (5) for m = 0). We use
this formula for zy instead of z. Further we apply the well known trigonometric
formulas, which can be written in the form of f(a — 8) = f(a)cos B F f(a)sin g,

where f = {2} f = {°®} "and obtain finally

cos sin

& (s)"'T((an—b)x) _ sp(1-b)

21 (an—b)P-1(an—b)2—w? = 2w?

smsin® = (rw/2) — .
“door cos(rw/2) (T(wz) coswr F T(wz) sinws) ,
(12)

where p=0orp=1and w; = %j”w) Here T'(z) and T (z) are integrals (9).
Similarly, using (5) this time and denoting by & the right-hand side of the
formula (12), we finally get the following formula for the summation of the second

series in (10):

C(0) —

V*F(2i+p—1—2k—4)x?*+s
(2k+6)!

m 1 ((71)"+1"c7rz2“'1"_2

S+ =
T = 2m +i§1 W2m—2it2 2(2i +p — 2)!

[zi+p—2*i (=1 12k+6)
k=0

(13)

where I, = foly"v,b(y)dy, m > lLw € Rw # an—b6 = {{},T(z) =

{g((‘;))}, T(z) = {g((:f))}, L = i—1+p(1 —4) and the other relevant parame-

ters are given in Table I, treating p as d. Note that (12) can be obtained from the
general formula (13) for m = 0.

By setting the Bessel J, and Struve function H,, in place of sin and cos in (9),
we have

Bu(@) = [ T (ayw)dy, S () = / "HL (2y)(y)d. (14)

Now we can obtain the sums of both series (1), where the Bessel or Struve func-
tions are replaced by integrals (14). Namely, using formulas (7) and (8) for the
summation of two series (1), we can sum the following series (see [13])

(s)"~*D,((an — b)x) p _ & ()" '(an —b)*D,((an — b)x)
(an — b)= e = "z=:1 (an — b)2m ((an — b)? — w?2) ’

=3 (15)
n=1
where D, (z) is B,(z) or Sy(z), a = {3} b= {}, s = Lor -1, p,v,w € R,
wF#an—b,m € N, a=2m — p.
Thus we get the final formula for the summation of the first series in (15)

a—1

D CcTT =3 (fl)iF(a v —2i— J)wu+2i+6
Iy = a—v41 atvtl m(a—v) In_1 + Z o 2itsT (s 3 N 5
2=1( 2 T 2 ) ( ) i=02 F(Z+1+ E)r(l/—i-’t—}—l—k E)

2

I ioiys

(16)
where D, = {3} f = {S%} 6 = {0} and I, is the same as in (13). The other
parameters you can look up in Table I. This formula takes a closed form in the
same cases as the formula (7).
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Further we give the formula for the summation of the second series in (15)

p _ (z/2)” _ M _ L& _

Taw= w2m+2 [ (1=b)+ ,;W N ; g 4cos =¥
where we have denoted P = (=1)f(w1)B, (wz) + f(w1)S, (wz), K = 2?(1/“_'_'1’))[,,,
W; = AiI2i7u7u717 Ziy, = BigIags, With A and Bj, introduced previously in the

formula (8), wy in (12), I, in (13), {g ((;”))} f={f= {ZL’;} 0 =

MNM=i-1+(1-p-v)(1l- 5),m € No, a = 2m — p. The other parameters
you can look up in Table I, where d =1 — (u +v).

b—1 7w

smu”_Zm_l sin®~! I
] = P , ()

4. Applications

Many particular cases of our formula (7) are cited in the literature. However,
they include only those cases with @ = v + m, m € N, while (7) holds true for
a>v>-1a>0. For instance, formula (7) fora=0,b=0,s =+l,a = v+
2k, ¢, = J,, gives the sums 13. and 14. from [8], p. 678. These two particular cases
were proved by induction in [lorch], although they were already known. Notice that
the general formula (7) for ¢, = J, is the formula (6) in [10], p. 384. For ¢, = H,,
in [4] were proved by induction two particular cases of (7), for @ = v + 2k,k €
N,a=1,b=0,s = 1. In [8] there is only one particular case of (8), formula 24,
p- 679. Note that this is S,f’p,a =1,b = 0,s = £1 in our notation, and there are
no cases for m # 0. In [3] is given the sum Sy ., ,a=1,b=0,5s = —1,m # 0
and in [4] four particular cases, S5, ., .,a=1,b=0,s = £1,m # 0.

For certain values of z formulas (3) and (5) become formulas for the summation
of numerical series and that fact we used for obtaining some recursion relations for
the Riemann zeta and other functions. Moreover, the derived summation formulas
(3) and (5) also make it possible to find relations between any two functions of
reciprocal powers.

ExampLE 1. By taking f = cos in (3) and putting x = 7 if F = (,n, A and
xz = /2 if F = [ one obtains recursive relations

Fom+d) = CUTTTT | S cottremositan®t

2(2m)! = 22id (2i41—d)! ’ =
where d = 0 for F = (,n, A and d = 1 for F' = 3. Parameter c is in the Table I.
ExXAMPLE 2. Next, we use formula (5) where we takea = 1,b=0,s = -1, f =
cos,p =1 and put £ = 7. So we get
o2 1 _ 1 mctgur o 1 i (=1)yn(26 = 2§) ,,
21 n2m(n2 w2) T 9u2m+2 2uw2m+1 igl w2m—2i+2 (Qj)! T (18)

Here we have used the summation formula (3) for the same choice of parameters.
Using the partial fractions decomposition of the left-hand side summation term and
formula 4 in [7], p. 685, the left-hand side of (18) becomes

e 1 1 metgTw o ((29)
ngl n2m(n2 ,wz) 2uw2m+2 - 2w2zm+1 ; w2m—2i+2"

i ; o
Comparing it to formula (18) we obtain ((2i) = 3 (_l)t;%wzf.
0
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ExaMmpPLE 3. One can apply our summation formula (7) to finding sums of
new series. So we consider, for instance (see formula 35 in [8], p. 179)

oo gl T 3
/ pc yZJ,,(nz)dxz—Ey"Y,,(ny), neN,y>0, —1<Rev< 2’
o _

where Y, is Bessel function of the second kind, also called the Neumann function.
By multiplying both sides by 1/n®, then taking the sum, we have

/0"" vt i Ju(nz) o Y,,(gy)

T
dr = ——y¥ —_—,
2 —y? ;=1 ne 2y ngl

n

Now we apply (7) to the left-hand side sum, where « —v =2m, m € N, ¢, = J,
which implies f = cos,d = 0. This is the case when a = 1,b = 0,s = 1 whence we

must take ¢ = 1, F = (. In further evaluation we need the integral f0+°° i

) z2—y2
n
mlyl*T tg 5

and finally get

292
2 Yo(ny) (=) afyPrttt tg(mtv)w _i (—1)8¢(2m—23)|y|> +2i+2 tg(v+i+ 5 )7
asin?mty 22mAvyr 2D (m T (m+v+3) S0 v +2igr+ 241 (v +i4-1)

EXAMPLE 4. Similarly, if we take the formula 28 in [8], p. 179, and repeat the
preceding procedure, we have

dxr =
(2 4 22)7 =1 ne 20-10(p) =1  me—rtl

/+°° v +1 = J,(nz) V=Pt = K,_,41(nz)
0

where K, (z) is MacDonald function. By using in the process the integral

/+°° zrde [PPT(G+ 50— — 4 +p)

o (z2422) 222¢T(p) ’

we obtain
= Ky pu(nz) (=1)"alzl> ' T(p—m—v—3) +§ (—1)i¢(2m—2i)T(p—v—i—1)
SZin2mtr—p+1 - 22m+y—p+22u+p+1r(m+%) S 2vt2i—pt2vtetl Al ‘z‘—2u—2i—2.

Some series of the type (15) containing special types of functions instead of
Bessel or Struve integrals can take analogous representations over Riemann zeta
and related functions by specifying the function ¢ (y). We give some examples.

EXAMPLE 5. For instance, we consider ¢(y) = y'~*(1 — y?)~'/? in (14).
Since (see [2], p. 702) fol T, (zy)yt =" (1 — y*) "2 dy = /m/2zH,_, j5(z), we have

B,(z) = \/m/22H,_ /2(2). Replacing this in the first series in (15) we get
5_ & (9" 'Bu(nz) _ [m & ()" 'Hy_1/2(nz)

IB is given by (16), where a = 1,b =0, f = cos,d = 0 (now D, = B,), so we can

evaluate

® ()" 'H,-1/2(nw) crge—1/2 9—(at+1/2) o (—1)iF(a — v — 2i)grT2i+1/2

by +2

= nat1/2 - F(a—;;+2 )I\(a+;l+1)cos(1r(a2—u)) =0 2u+1/2+2ir(i + %)F(u +i+t 1)’

where the other parameters we read from Table I.
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EXAMPLE 6. We can take ¢(y) = y*(1—y?)*~'/2. Then B, (z) = 2" "'z~ /7 x
T(v +1/2)J2(x/2) (see [2], p. 702). Replacing this in the second series (15) for
a=1b=0,s=—1,m =0, we have
L /Al(v + 1) o (1) lpev ne
2, = =D 2(%)

v n=1 n? —w?

2

Using (17) for ¢, = B,,m = 0,a = 1,b = 0,s = —1 which implies y + v = 0 (see
Table I where p + v =1 — d) we evaluate the series
g U (y) () g

21 n(n? —w?) | 2wtlsinaw B 24v 410272 (y 4 1)

ExamPLE 7. If we want to apply the Bessel instead of the Mellin transform
to the series (4), we first recall that there holds (see [5], p. 36, 4.23 and p. 33, 4.6)

1 v
22 (5 +5+3)
(5 -5 +3)]

al/—u+1yy—1/2

v41/2/, 2 2\—py _
Bl o)) = s

Koopsiay),  B(a*) =

where K, is McDonald function. Thus we obtain the sum of a Schlémilch series

e Ki/2(ny) = (1)e/2 my*=3/2D(1 — %) 4 % (_1)ig(a—2i)y2i_1/zr(% — i)
= ne-1/2 2a+1/21—\(%+1) = 922i+1/2 41 .
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