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Abstract. For a simple graph G, the Hamming matrix H(G) is defined in terms of
vertex degrees, and its eigenvalues constitute the Hamming spectrum of G. The sum of
the absolute values of these eigenvalues is called the Hamming energy, denoted by HE(G).
In this paper, using equitable partitions, the Hamming spectrum and Hamming energy are
explicitly determined for several classes of graphs, including double-wheel graphs, Dutch
windmill graphs Dm

5 , bistar graphs, and the corona product K3 ◦ Km. In each family, the
vertex set is partitioned so that the quotient matrix has small dimension (at most 4 × 4),
which enables direct computation of eigenvalues. The results contribute new closed forms of
HE(G) and extend the collection of graphs whose complete Hamming spectrum is known.

1. Introduction

Graphs are among the most extensively studied mathematical structures in modern
science due to their rich theoretical foundations and wide range of practical appli-
cations. The branch of mathematics that deals with the study of graphs and their
properties is known as graph theory. To gain clearer insights into the complex in-
terconnections within graphs, they are often represented in matrix form, which has
drawn significant attention from researchers. This representation has made spectral
analysis of graphs a key tool for uncovering their structural properties and has found
notable applications in fields such as chemistry, physics, and computer science.

Among the various types of matrices used to describe graphs, the adjacency matrix
holds a special place, as it captures the connectivity between vertices. From this
matrix, an important numerical indicator known as graph energy is derived. The
concept of graph energy was introduced by I. Gutman in [3], where it was defined as
the sum of the absolute values of the eigenvalues of the adjacency matrix. Due to this
definition, graph energy is studied within the framework of spectral graph theory.
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2 Hamming energy and corona products

Due to its correspondence with the total π-electron energy of conjugated hydrocar-
bons (computed using Hückel’s method), this concept has acquired significant chem-
ical relevance [4], becoming a cornerstone of mathematical chemistry and applied
mathematics [9, 10]. Since graphs can be represented not only by an adjacency ma-
trix but also by other matrix forms, numerous alternative types of graph energy have
been developed, expanding its range of potential applications [5, 6].

In line with the aforementioned considerations, a new graph invariant called Ham-
ming energy was recently introduced in [14], based on the so-called Hamming matrix.
This energy is defined as the sum of the absolute values of the eigenvalues of the
Hamming matrix. The core contribution of the cited paper lies in establishing the
chemical relevance of this measure, along with explicit computations of the Hamming
energy for specific graph classes and estimates (bounds) for this energy in selected
graph families. Further significance was attributed to Hamming energy in [13], where
the authors emphasized its value by comparing it with the classical graph energy.

Given the inherent complexity of accurately computing graph energy, researchers
in graph theory have increasingly focused on deriving reliable spectral bounds. In this
context, Das and Gutman formulated upper and lower bounds for the graph energy
in terms of the number of vertices and edges [2]. Ramane et al. [12] investigated the
eigenvalues of the Hamming matrix and the resulting Hamming energy for several
graph families, providing bounds and explicit spectra in specific cases.

Several studies have advanced this field by introducing new types of graph ener-
gies and investigating specific classes of graphs. For instance, [15] examines graph
structures such as Dutch windmill and double-wheel graphs and establishes results
for several energy types, including classical, Seidel, Laplacian, chromatic, distance-
based, and Harary energy. Furthermore, the computation of various energies for
bistar graphs, corona products of graphs, and other graph classes considered in [7, 8]
has motivated the present study. In this paper, we focus on determining the Ham-
ming energy of these particular graph families by employing the equitable partition
technique.

Following the introductory part, which outlines the main motivation behind this
research, the paper is structured as follows. Section 2 presents the fundamental con-
cepts and relevant results from matrix spectral theory that form the basis of the
applied method for computing the Hamming energy of the considered graph classes.
Section 3 contains the main results of the study, specifically concerning the determi-
nation of the Hamming spectra and energies for the following graph families: double-
wheel graphs, Dutch windmill graphs Dm

5 , the corona product of graphs K3◦Km, and
bistar graphs. For each of these classes, we employ the method of equitable vertex
partitioning to efficiently compute the corresponding Hamming energy.

2. Preliminaries

Consider a simple graph G = (V (G), E(G)) with n vertices and m edges, where
the vertex set is given by V (G) = {v1, v2, . . . , vn} and the edge set by E(G) =
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{e1, e2, . . . , em}. Two vertices vi and vj are said to be adjacent if there exists an edge
connecting them, in which case we write vi ∼ vj ; otherwise, we write vi ̸∼ vj . An
edge is said to be incident with each of its endpoints. The degree of a vertex v in the
graph G, denoted dG(v) or simply d(v), represents the number of edges incident to v.

Based on the structure of G and the relationships between its vertices, we can
define a square matrix whose entries indicate adjacency between vertices. This matrix,
denoted by A = A(G) = (aij)n×n, is referred to as the adjacency matrix of G. It
is one of the key structural matrices associated with a graph. Another important
matrix is the degree matrix, denoted by D = D(G) = diag(d(v1), . . . , d(vn)), which
is a diagonal matrix that lists vertex degrees.

Throughout the remainder of the paper, the symbol I = In will be used for the
identity matrix of order n, and Jm×n will denote the m×n matrix consisting entirely
of ones. In cases where m = n, we will write Jn or simply J , assuming the dimension
is clear from the context. The matrix Jn satisfies the following important property.

Remark 2.1. The matrix Jn, whose entries are all equal to one, has the following
spectral properties: it possesses a single non-zero eigenvalue equal to n, corresponding
to the eigenvector 1 = (1, 1, . . . , 1︸ ︷︷ ︸

n

)T , and zero as an eigenvalue with multiplicity n−1.

The eigenvectors associated with the zero eigenvalue are all orthogonal to the vector 1.

In addition to the adjacency matrix and the diagonal matrix of vertex degrees,
which are square matrices, graph theory also frequently employs the incidence matrix,
which is a rectangular matrix. Recall that the incidence matrix of a graph G is given
by B(G) = (bij)n×m, where

bij =

{
1, if the vertex vi is incident with the edge ej ,

0, otherwise.

The rows of this matrix, when interpreted as binary strings, correspond to the vertices
of the graph. Denoting the binary string related to a vertex v by s(v), the authors
in [11] introduced the Hamming index of a graph G (abbreviated as the H-index),
denoted by HB(G), defined as the sum of Hamming distances between all pairs of
binary strings generated from the incidence matrix of G, i.e.

HB(G) =
∑
i<j

Hd(s(vi), s(vj)),

where Hd(s(vi), s(vj)) represents the standard Hamming distance between the strings
s(vi) and s(vj), which means the number of coordinates in which they differ.

In the recent publication [14], the Hamming matrix H(G) = (hij)n×n of a graph
G was defined, with entries given by

hij = Hd

(
s(vi), s(vj)

)
, i, j = 1, . . . , n. (1)

To clearly differentiate the eigenvalues of the adjacency matrix and the Ham-
ming matrix of a graph G, the eigenvalues of A(G) and H(G) are termed as the A-
eigenvalues and H-eigenvalues, respectively, while their corresponding sets are called
the A-spectrum and the H-spectrum. The Hamming energy of the graph G is also
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referred to as the H-energy of G.
Since the matrix H(G) is symmetric, all its eigenvalues are real numbers. Let

these eigenvalues be ordered as λ1 ≥ λ2 ≥ · · · ≥ λn, and denote the set of eigenvalues
by Spec(H(G)), which represents the H-spectrum.

For convenience in expressing spectra with repeated eigenvalues, we use the nota-
tion λ[k] to indicate that the eigenvalue λ has multiplicity k.

A particularly useful result in the process of determining the Hamming matrix of
a graph G is provided in the paper [11], which we will frequently reference throughout
this paper.

Theorem 2.2 ([11]). Let u and v be vertices of a graph G. Then

Hd(G)(s(u), s(v)) =


d(u) + d(v)− 2, if u ∼ v,

d(u) + d(v), if u ̸∼ v,

0, if u = v.

The Hamming matrix H(G) is a real symmetric non-negative matrix (i.e., a
Hermitian matrix) with zeros along the main diagonal. Hence, its trace satisfies
tr(H(G)) =

∑n
i=1 λi =

∑n
i=1 hii = 0. Furthermore, all properties that hold for

Hermitian or non-negative matrices also apply to H(G).
Having in mind Theorem 2.2 we conclude that all off-diagonal entries of H(G)

are strictly positive except in the graphs K2 and nK1. Consequently, H(G) is a
nonnegative irreducible matrix for every graph other than K2 and nK1.

In what follows, we present fundamental properties of irreducible matrices that
will be utilized in the subsequent analysis.

Theorem 2.3 ([1]). Let M be an irreducible symmetric matrix with non-negative en-
tries. Then the largest eigenvalue λ1 of M is simple, with a corresponding eigenvector
whose entries are all positive (known as the Perron vector). Moreover, |λ| ≤ λ1 for
all eigenvalues λ of M .

Theorem 2.4 ([1]). Let A be a real symmetric matrix with eigenvalues λ1 ≥ λ2 ≥
· · · ≥ λn. Given a partition {1, 2, . . . , n} = ∆1 ∪∆2 ∪ · · · ∪∆m, with |∆i| = ni > 0,
m∑
i=1

ni = n, consider the corresponding blocking A = (Aij) such that Aij is a ni × nj

block. Let eij be the sum of the entries in Aij and set B = (eij/ni) (eij/ni is the
average row sum in Aij). Then the spectrum of B is contained in the segment [λn, λ1].

Theorem 2.5 ( [1]). Let A be any non-negative symmetric matrix partitioned into
blocks as in Theorem 2.4. Let the blocks Aij have constant row sums bij and B = (bij).
Then the spectrum of B is contained in the spectrum of A (taking into account the
multiplicities of the eigenvalues). Furthermore, the largest eigenvalue (index) of B is
equal to the largest eigenvalue of A.

Remark 2.6. The matrix B defined in Theorem 2.4 is called the quotient matrix of
A. In the case of constant row sums of Aij for each pair i and j, B is called equitable
quotient matrix of A, and the corresponding partition of the matrix A into blocks Aij

is called equitable partition.
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3. Main results

In this section, we systematically apply the method of equitable partitions to compute
the H-spectrum and H-energy for several families of graphs. By grouping the vertex
set into a small number of naturally defined classes, we obtain a much smaller quotient
matrix B, whose eigenvalues belong to the spectrum of the complete Hamming matrix
H(G).

3.1 The H-spectrum of the double-wheel graph DWn

Double-wheel graphs serve as important benchmark structures in the study of grace-
ful labeling and are widely used for evaluating symmetry-breaking techniques in con-
straint programming. Due to their rich symmetrical properties, they are particularly
relevant in the design and analysis of algorithms for graph labeling and related com-
binatorial optimization problems. A double-wheel graph DWn of size n is the graph
2Cn∇K1, i.e., it consists of two disjoint cycles of size n whose vertices are connected
to a common vertex.

Figure 1 shows a double-wheel graph of size 6.

Figure 1: Double-wheel graph DW6

In the following theorem, we present a characterization of the H-spectrum of the
double-wheel graph DWn, as well as the corresponding value of its H-energy.

Theorem 3.1. The H-spectrum of the double-wheel graph DWn is the set

Spec(H(DWn)) =
{
6n− 5±

√
(6n− 5)2 + 2n(2n+ 1)2

}
⋃{(

−6− 4 cos
2kπ

n

)[2]

| k = 1, 2, . . . , n− 1

}⋃
{−10}.

In addition, the H-energy of DWn can be expressed as

HE(DWn) = 2
(
6n− 5 +

√
(6n− 5)2 + 2n(2n+ 1)2

)
.
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Proof. If we denote by v0 the central vertex of DWn, and by v1, . . . , v2n the vertices of
disjoint cycles, where vertices v1, v2, . . . , vn belong to the first cycle, and the vertices
vn+1, vn+2, . . . , v2n belong to the second cycle, then the Hamming matrix H(DWn) =
(hij), i, j = 0, 1, . . . , 2n, of double-wheel graph has the form

H(DWn) =



0 2n+ 1 · · · 2n+ 1 2n+ 1 · · · 2n+ 1

2n+ 1
... H 6Jn

2n+ 1

2n+ 1
... 6Jn H

2n+ 1


,

where H is the matrix that corresponds to each of the cycles and has the form

H =


0 4 6 · · · 6 4
4 0 4 · · · 6 6
6 4 0 · · · 6 6
...

...
...

. . .
...

...
4 6 6 · · · 4 0

 .
The vertex set of DWn can be partitioned into two classes (partition sets) as

follows:

� C0 = {v0}, where the vertex v0 has degree 2n,

� C1 = {v1, v2, . . . , v2n} with all the vertices of degree 3,

thus implying block form of the matrix H(DWn) as

H(DWn) =

[
H11 H12

H21 H22

]
,

where H11 = [0]1×1 is the block corresponding to the central vertex v0, H12 =
(h0i)

2n
1 = (2n + 1)J1×(2n+1) is the block representing connections between central

and peripheral vertices, H21 = HT
12 and H22 = (hij)(2n)×(2n) is the block that corre-

sponds to the peripheral vertices from class C2.

It is easy to see that the partition of H(DWn) into blocks is equitable with the
quotient matrix B given as

B =

[
0 2n(2n+ 1)

2n+ 1 2(6n− 5)

]
.

The spectrum of B is obtained by solving the characteristic equation det(B − λI) = 0.
Solving this equation yields the eigenvalues of B in the form λB1,2 = 6n − 5 ±√
(6n− 5)2 + 2n(2n+ 1)2. According to Theorem 2.5 these eigenvalues belong to
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the spectrum of H(DWn), and the index (i.e., the maximum eigenvalue) of H(DWn)
coincides with the index of B.

The remaining 2n − 1 eigenvalues of H(DWn) belong to the subspace which is
orthogonal on vectors that are constant within each block. In fact, these eigenvalues
correspond to disjoint cycles of length n (represented by the block matrix H22) and
can be determined by Fourier diagonalization. It can be verified easily that H22 =
6 (J2n − I2n) − 2

(
A(Cn) ⊕ A(Cn)

)
, where A(Cn) ⊕ A(Cn) is the direct sum of

the two n × n adjacency matrices of Cn. Recall that for a single cycle Cn, the

adjacency matrix satisfies A(Cn)x
(k) = 2 cos

(
2πk
n

)
x(k), k = 0, 1, . . . , n − 1, where

x(k) = (1, ωk, ω2k, . . . , ω(n−1)k)T , ω = e2πi/n, are the classical Fourier eigenvectors.

Let u(k) = (1, ωk, ω2k, . . . , ω(n−1)k). For each k = 1, 2, . . . , n − 1, there are
two linearly independent extensions of x(k), one for each cycle, defined with y(k) =
(0, u(k), 0, . . . , 0︸ ︷︷ ︸

n

)T and z(k) = (0, . . . , 0︸ ︷︷ ︸
n+1

, u(k))T , which satisfy

H(DWn) y
(k) =

(
−6− 4 cos 2πk

n

)
y(k) and H(DWn) z

(k) =
(
−6− 4 cos 2πk

n

)
z(k).

For k = 0, we can define the vector x(0) = (0, 1, 1, . . . , 1︸ ︷︷ ︸
n

, −1,−1, . . . ,−1︸ ︷︷ ︸
n

)T and a

direct calculation shows that H(DWn)x
(0) = −10x(0).

By previous considerations we conclude that the spectrum of H(DWn) is given by

Spec(H(DWn)) =
{
6n−5±

√
(6n−5)2 + 2n(2n+ 1)2

}
⋃{

−6−4 cos
2kπ

n
| k = 1, 2, . . ., n−1, (counted twice, once per Cn)

}
⋃

{−10} ,
which implies that the Hamming energy of DWn is given as

HE(DWn) =

n∑
i=1

|λi| = 2
√
(6n−5)2+2n(2n+1)2︸ ︷︷ ︸

S

+|−10|+
n−1∑
k=1

2

∣∣∣∣−6−4 cos
2kπ

n−1

∣∣∣∣
=S+10+2 · 6(n−1)+

n−1∑
k=1

8 · cos 2kπ

n−1
= 2

(√
(6n−5)2+2n(2n+1)2+6n−5

)
.

3.2 The H-spectrum of the Dutch windmill graph Dm
5

In [15] various types of energies were obtained for the Dutch windmill graph Dm
5 .

Building on these results, we here compute the H-spectrum and H-energy of Dm
5 .

Recall that Dm
5 is obtained by coalescing m copies of the cycle C5 at a single central

vertex. As before, we partition the vertex set into classes based on which we obtain
the corresponding equitable quotient matrix. The construction of Dm

5 is illustrated
in Figure 2.
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Figure 2: Dutch windmill graph Dm
5

Theorem 3.2. Let Dm
5 be a Dutch windmill graph. Then, its H-spectrum is the set{

λ1, λ2, λ3, (−5−
√
5)[m−1], (−5 +

√
5)[m−1], (−3−

√
5)[m], (−3 +

√
5)[m]

}
,

where {λ1, λ2, λ3} is the spectrum of the equitable quotient matrix B corresponding to
the matrix H(Dm

5 ).

Proof. The corresponding Hamming matrix of the Dutch windmill graph is given by

H(Dm
5 )=



0 2(m+1) 2(m+1) · · · 2(m+1) 2m 2m 2m · · · 2m
2(m+1) 0 2 · · · 4 2 4 4 · · · 4
2(m+1) 2 0 · · · 4 4 2 4 · · · 4

...
...

...
. . .

...
...

...
...

. . .
...

2(m+1) 4 4 · · · 0 4 4 4 · · · 2
2m 2 4 · · · 4 0 4 4 · · · 4
2m 4 2 · · · 4 4 0 4 · · · 4
2m 4 4 · · · 4 4 4 0 · · · 4
...

...
...

. . .
...

...
...

...
. . .

...
2m 4 4 · · · 2 4 4 4 · · · 0


.

According to the structure of the graph Dm
5 , the vertex set V (Dm

5 ) can be parti-
tioned into three classes:

� C1 = {v0}, which contains the central vertex,

� C2 = {v1, v2, . . . , v2m}, containing vertices not adjacent to v0,

� C3 = {v2m+1, v2m+2, . . . , v4m}, which contains the remaining vertices adjacent
to v0.

In this partition, the Hamming matrix H(Dm
5 ) takes the block form

H(Dm
4 ) =

H11 H12 H13

H21 H22 H23

H31 H32 H33

 ,
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where H11=[0]1×1 is the block corresponding to the central vertex v0, H12=2(m +
1)J1×2m is the block representing the connections between the central vertex and the
vertices not adjacent to it, H21 = HT

12, H13 = 2mJ1×2m is the block representing the
connections between the central vertex and the vertices adjacent to it, H31 = HT

13,
H22 is the 2m× 2m block corresponding to the vertices from the class C2, H23 is the
2m × 2m block representing the connections between the vertices from C2 and C3,
H32 = HT

23, and H33 is the 2m×2m block corresponding to vertices from the class C3.
The quotient matrix B = (bij)3×3 of this equitable partition is given as

B =

 0 4m(m+ 1) 4m2

2(m+ 1) 2(4m− 3) 2(4m− 1)
2m 2(4m− 1) 4(2m− 1)

 ,
and its eigenvalues are λ1, λ2, λ3. These eigenvalues also belong to the H-spectrum
of Dm

5 .
To find the remaining eigenvalues of H(Dm

5 ), we construct 4m − 2 linearly in-
dependent eigenvectors. Let {e1, e2, . . . , e4m} be the standard orthonormal basis of
R4m. At this point, let us note an interesting feature that appears in the obtained
vectors. During the determination of linearly independent vectors, the golden ratio

appears as a constant, i.e., the values φ = 1+
√
5

2 and ψ = 1− φ = − 1
φ .

We partition our construction into four families:
1) For i = 1, . . . ,m− 1, set

y
(1)
i = −φe1−φe2+φe2m−2i+2+φe2m−2i+1−e2m+1−e2m+2+e4m−2i+2+e4m−2i+1,

and let w
(1)
i =

(
0, y

(1)
i

)T
.

2) For i = 1, . . . ,m− 1, set

y
(2)
i = −ψ e1−ψ e2+ψ e2m−2i+2+ψ e2m−2i+1−e2m+1−e2m+2+e4m−2i+2+e4m−2i+1,

and let w
(2)
i =

(
0, y

(2)
i

)T
.

3) For i = 1, . . . ,m, set

y
(3)
i = −ψ e2m−2i+2 + ψ e2m−2i+1 + e4m−2i+2 − e4m−2i+1, and let w

(3)
i =

(
0, y

(3)
i

)T
.

4) For i = 1, . . . ,m, set

y
(4)
i = −φe2m−2i+2 + φe2m−2i+1 + e4m−2i+2 − e4m−2i+1, and let w

(4)
i =

(
0, y

(4)
i

)T
.

One checks directly that the vectors

w
(1)
1 , . . . , w

(1)
m−1, w

(2)
1 , . . . , w

(2)
m−1, w

(3)
1 , . . . , w(3)

m , w
(4)
1 , . . . , w(4)

m

are linearly independent. Moreover, a straightforward computation shows that

H(Dm
5 ) · w(1)

i = (−5−
√
5)w

(1)
i , i = 1, . . . ,m− 1,

H(Dm
5 ) · w(2)

i = (−5 +
√
5)w

(2)
i , i = 1, . . . ,m− 1,

H(Dm
5 ) · w(3)

i = (−3−
√
5)w

(3)
i , i = 1, . . . ,m,

H(Dm
5 ) · w(4)

i = (−3 +
√
5)w

(4)
i , i = 1, . . . ,m.
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Therefore, the spectrum of the matrix H(Dm
5 ) is the set{

λ1, λ2, λ3, (−5−
√
5)

[m−1]
, (−5 +

√
5)

[m−1]
, (−3−

√
5)

[m]
, (−3 +

√
5)

[m]
}
.

Based on the previous theorem, we can easily determine the H-energy of the
graph Dm

5 .

Corollary 3.3. The H-energy of the Dutch windmill graph Dm
5 is given by

HE(Dm
5 ) = |λ1|+ |λ2|+ |λ3|+ 16m− 10,

where λ1, λ2, λ3 are the eigenvalues of the equitable quotient matrix B corresponding
to the matrix H(Dm

5 ).

3.3 The H-spectrum of the corona product K3 ◦Km of two graphs

The corona product of two graphs is a binary operation on graphs that produces a
new graph by combining the two given graphs. This operation is often used in graph
theory to construct more complex structures and to study their properties, such as
spectral characteristics, graph energy, and other invariants. In the paper [7], the
topological indices of families of the corona product of the graphs were investigated,
which served as a motivation for determining theH-spectrum and the H-energy of the
graph obtained by the corona product of two graphs. Specifically, in this subsection,
we consider the graph K3 ◦ Km formed by the corona product of the graphs K3

and Km = mK1. For clarity and to better illustrate the considered class of graphs,
Figure 3 presents graph K3 ◦K6.

Figure 3: A representation of the corona product K3 ◦K6 of two graphs

Theorem 3.4. Let K3 ◦Km be the corona product of the graphs K3 and Km = mK1.
Then, its H-spectrum is the set

Spec(H(K3 ◦Km)) = {5m+ 1±
√
(m+ 1)(9m2 + 34m+ 9),−2[3m−3],

−(m+ 2 +
√
m2 + 4m)

[2]
,−(m+ 2−

√
m2 + 4m)

[2]
}.
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Proof. The Hamming matrix of the considered graph is given as

H
(
K3◦Km

)
=


(2m+ 2) (J3 − I3) M12 M13 M14

MT
12 2(Jm − Im) 2Jm 2Jm

MT
13 2Jm 2(Jm − Im) 2Jm

MT
14 2Jm 2Jm 2(Jm − Im)

 ,
where

M12=

m+1 · · · m+1
m+3 · · · m+3
m+3 · · · m+3

 , M13=

m+3 · · · m+3
m+1 · · · m+1
m+3 · · · m+3

 , M14=

m+3 · · · m+3
m+3 · · · m+3
m+1 · · · m+1

 .
In accordance with the structure of the corona product K3 ◦Km, the vertex set

V (K3 ◦Km) can be divided into classes as follows:

� C1 = {u, v, w}, the three “central” vertices, each of degree m+ 2,

� C2 = {u1, u2, . . . , um, v1, v2, . . . , vm, w1, w2, . . . , wm}, the 3m pendant vertices.

Consequently, the Hamming matrix decomposes into a 2× 2 block form given by

H
(
K3 ◦Km

)
=

[
H11 H12

HT
12 H22

]
,

where H11 is the block corresponding to the mutual relations among the vertices
within class C1, H12 is the 3 × 3m block representing the connections between the
vertices of class C1 and the vertices of class C2, and H22 is the 3m × 3m block
corresponding to the vertices of class C2.

The corresponding equitable quotient matrixB = (bij)2×2 has entries b11 = 4m+4,
b12 = 3m2 + 7m,b21 = 3m+ 7, b22 = 6m− 2, so its characteristic equation is

det(B − λI) =

∣∣∣∣ 4m+ 4− λ 3m2 + 7m
3m+ 7 6m− 2− λ

∣∣∣∣ = 0.

Solving this equation gives two eigenvalues

λ1,2 = 5m+ 1±
√
(m+ 1) (9m2 + 34m+ 9),

which also belong to the H-spectrum of K3 ◦Km.
To obtain the remaining 3m+1 eigenvalues, we provide 3m+1 linearly independent

eigenvectors. Let {e1, e2, . . . , e3m+3} be the standard orthonormal basis of R3m+3, and
set α = 1

2

(
m+

√
m2 + 4m

)
, β = 1

2

(
m−

√
m2 + 4m

)
.

We then split our construction into five families.
1) For i = 1, 2, define

y
(1)
i = −αe1 + αe4−i +

(4−i)m+3∑
k=(3−i)m+4

ek −
m+3∑
k=4

ek, and set w
(1)
i = (y

(1)
i )T .

2) For i = 1, 2, define

y
(2)
i = −βe1 + βe4−i +

(4−i)m+3∑
k=(3−i)m+4

ek −
m+3∑
k=4

ek, and let w
(2)
i = (y

(2)
i )T .
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3) For i = 1, . . . ,m− 1, set

y
(3)
i = e2m+4 − e3m+4−i, and w

(3)
i = (y

(3)
i )T .

4) For i = 1, . . . ,m− 1, set

y
(4)
i = em+4 − e2m+4−i, and w

(4)
i = (y

(4)
i )T .

5) For i = 1, . . . ,m− 1, set

y
(5)
i = e4 − em+4−i, and w

(5)
i = (y

(5)
i )T .

One checks directly that the vectors

{w(1)
1 , w

(1)
2 , w

(2)
1 , w

(2)
2 } ∪ {w(j)

i | 1 ≤ i ≤ m− 1, j = 3, 4, 5}
are linearly independent. Moreover, a straightforward computation shows that

H(K3 ◦Km) · w(1)
i = −

(
m+ 2 +

√
m2 + 4m

)
w

(1)
i , i = 1, 2,

H(K3 ◦Km) · w(2)
i = −

(
m+ 2−

√
m2 + 4m

)
w

(2)
i , i = 1, 2,

H(K3 ◦Km) · w(j)
i = −2w

(j)
i , j = 3, 4, 5, i = 1, . . . ,m− 1.

Therefore, the spectrum of the matrix H(K3 ◦Km) is the set

{5m+ 1±
√
(m+ 1)(9m2 + 34m+ 9),−2[3m−3],

−(m+ 2 +
√
m2 + 4m)

[2]
,−(m+ 2−

√
m2 + 4m)

[2]
}.

Corollary 3.5. The Hamming energy of the corona product K3 ◦ Km is given by

HE(K3 ◦Km) = 2
(
5m+ 1 +

√
(m+ 1)(9m2 + 34m+ 9)

)
.

3.4 The H-spectrum of the bistar graph B(n,m)

The bistar graph B(n,m) is obtained by joining the centers of two star graphs K1,n

and K1,m with an edge. Thus, the bistar graph has n +m + 2 vertices: two central
vertices and n and m pendant vertices attached to them, respectively. The bistar
graph is illustrated in Figure 4.

In [7], the energy of the bistar graph B(n,m) was studied, which motivated us to
determine the H-spectrum and H-energy for this class of graphs.

Figure 4: A representation of the bistar graph B(n,m)
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Theorem 3.6. Let B(n,m) be a bistar graph. Then, its H-spectrum is the set
Spec(B(n,m)) = {λ1, λ2, λ3, λ4,−2[m+n−2]}, where {λ1, λ2, λ3, λ4} is the spectrum
of the equitable quotient matrix B corresponding to the matrix H(B(n,m)).

Proof. The Hamming matrix of the bistar graph B(n,m) has the form

H
(
B(n,m)

)
=

 (m+ n) (J2 − I2) M12 M13

MT
12 2 (Jn − In) 2 Jn×m

MT
13 2 Jm×n 2 (Jm − Im)

 ,
where

M12 =

[
n · · · n

m+ 2 · · · m+ 2

]
2×n

and M13 =

[
n+ 2 · · · n+ 2
m · · · m

]
2×m

.

In accordance with the structure of the graph B(n,m), the vertex set V (B(n,m))
can be divided into four classes (partition sets) as follows:

� C1 = {u} is the center of the star K1,n,

� C2 = {v} is the center of the star K1,m,

� C3 = {u1, u2, . . . , un} are the pendant vertices attached to u,

� C4 = {v1, v2, . . . , vm} are the pendant vertices attached to v.

Accordingly, the Hamming matrix H
(
B(n,m)

)
admits a 4×4 block decomposition

H
(
B(n,m)

)
=


H11 H12 H13 H14

HT
12 H22 H23 H24

HT
13 HT

23 H33 H34

HT
14 HT

24 HT
34 H44

 ,
where the block Hij represents the mutual connections between the vertices from the
corresponding classes.

Based on the observed block matrix, we can form the quotient matrix B = (bij)4×4

of this equitable partition given as

B =


0 n+m n2 m(n+ 2)

n+m 0 n(m+ 2) m2

n m+ 2 2(n− 1) 2m
n+ 2 m 2n 2(m− 1)

 .
By solving its characteristic equation det

(
B − λI

)
= 0 we obtain the four eigen-

values λ1, λ2, λ3, λ4 which belong to the H-spectrum of B(n,m).
To obtain the remaining n +m − 2 eigenvalues (all equal to −2), we construct a

corresponding set of linearly independent eigenvectors.
Let {e1, . . . , en+m} be the standard orthonormal basis of Rn+m. Define two fam-

ilies:
1) For i = 1, . . . , n − 1, set y

(1)
i = en+1−i − e1 and w

(1)
i = (0, 0, y

(1)
i )T . These n − 1

vectors satisfy H(B(n,m)) · w(1)
i = −2w

(1)
i .



14 Hamming energy and corona products

2) For i = 1, . . . ,m − 1, set y
(2)
i = em+n+1−i − en+1 and w

(2)
i = (0, 0, y

(2)
i )T . These

m− 1 vectors also satisfy H(B(n,m)) · w(2)
i = −2w

(2)
i .

It can be easily seen that these n+m− 2 vectors are linearly independent. Hence,

Spec
(
H(B(n,m))

)
= {λ1, λ2, λ3, λ4, −2[n+m−2]}.

Based on the obtainedH-spectrum, we can determine theH-energy of an arbitrary
bistar graph.

Corollary 3.7. The H-energy of a bistar graph B(n,m) is given by HE(B(n,m)) =
|λ1|+ |λ2|+ |λ3|+ |λ4|+ 2(m+ n− 2), where λ1, λ2, λ3, λ4 are the eigenvalues of the
equitable quotient matrix B corresponding to the matrix H(B(n,m)).

4. Conclusions

In this paper, the Hamming energies of four important graph classes were deter-
mined: double-wheel graphs, Dutch windmill graphs Dm

5 , the corona product of
graphs K3 ◦ Km, and bistar graphs. By applying the method of equitable parti-
tions, we obtained closed-form expressions for the Hamming spectra and energies of
the considered graphs, thereby enriching the existing list of graphs for which exact
values of these spectral invariants are known.

Possible directions for future research include the study of the Hamming energy
in a broader range of graph classes, as well as its generalizations to more complex
structures such as various types of graph products and their variants. Special atten-
tion should be given to analyzing the relationship between the Hamming energy of
the corona product of graphs and the Hamming energies of its factor graphs. Such
investigations could contribute to a deeper understanding of structural properties of
graphs through spectral invariants and reveal potential patterns in energy behavior
under different graph operations.
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