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Abstract. In this paper we take a look at compactly generated weak Hausdorff spaces
equipped with an action of a compact Lie group G together with their colimits and homotopy
colimits. In particular, we investigate relations between (homotopy) colimits and mapping
spaces, and consequently, homotopy groups.

1. Introduction

Compactly generated spaces were popularized by Steenrod in [13] and later by McCord
in [8] who added the weak Hausdorff condition. Steenrod referred to the compactly
generated spaces as a convenient category of spaces, which is further supported by
the fact that much of the literature today on equivariant and stable homotopy theory
uses compactly generated spaces. These spaces have been extensively studied and
provide a well-behaved setting for many topological constructions.

This paper is motivated by the study of homotopy colimits in the context of
compactly generated G-spaces, where G is a compact Lie group. In particular, we
focus on the relations between homotopy colimits, equivariant mapping spaces, and
homotopy groups. These results appear to play an important role in understanding
the oco-category of G-spaces, yet detailed references are often absent or scattered in
the existing literature. The goal of this paper is to present a coherent collection of
such results, intended to serve as a useful resource for future work in equivariant
homotopy theory and related areas.

We open this paper with a section on model categories where our main focus
is on the functorial presentation of the homotopy colimit. The following section is
dedicated to the compactly generated weak Hausdorfl spaces equipped with an action
of a compact Lie group G (G-CGWH spaces for short). In that section, we focus
on the interaction of the mapping spaces, and consequently homotopy groups with
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2 G -CGWH spaces

colimits and homotopy colimits. Let us recall that, if X is a colimit of a sequence of
closed inclusions of spaces X; — X5 — ... then the natural map

colin m4(X,) = 7 (X)

is an isomorphism (see [7, Ch. 8, section 4]). We demonstrate that this isomorphism
can be upgraded. In particular, we show that, given a sequence of closed inclusions
of G-CGWH-spaces X7 — X5 — ... and a closed subgroup H < G, the natural map
. H H .
cglelénﬂk, (X,) = 7 (hor(l;(e)lglan)
is an isomorphism.

2. Model categories

The theory of model categories was developed by Quillen in [9] and [10]. Formally, a
model category is an ordinary category with three specified classes of morphisms: weak
equivalences, fibrations and cofibrations, which are subject to a certain set of axioms.
The main advantage of model categories is that they provide decent machinery with
which one can operate in homotopy theory. Some good references are [1-4], but there
are many others.

DEFINITION 2.1. Let M be an ordinary category andlet g : A — Band f: X — Y be
two morphisms in M. The morphism ¢ is called a retract of f if there is a commutative
diagram

ida

A—s X —3 A
q f

Q

B—Y —B

S~_ids

REMARK 2.2. If we take M to be a category of topological spaces and ¢ = ida,
f =idx with A C X, then the notion of id4 being a retract of idx corresponds to
the notion of a space A being a retract of a topological space X.

DEFINITION 2.3. A model category is a category M equipped with three classes of
morphisms:

e class of weak equivalences W (which are denoted with —),
e class of fibrations F (denoted with —),
e class of cofibrations C (denoted with —),

which satisfy the following 5 axioms:
A1 M is cocomplete;



A. Miladinovié 3

A2 (2 out of 3 property) For every commutative diagram

if two of the three morphisms are weak equivalences then so is the third;

A3 If g is a retract of f such that f € W (resp. f € F, f € C), then ¢ € W (resp.
q€F,q€eC);

A4 For every commutative diagram

A— B
A
}' P

C — D

such that ¢ € C and p € F the dashed lift exists if ¢ or p is in addition a weak
equivalence;

A5 Every morphism f: X — Y admits two natural factorizations
X5 Pp—»Y ,and X —Cf >Y
We will write (M, W, F,C) for a model category M to indicate the classes of weak

equivalences, fibrations and cofibrations. Additionally, when the model structure is
established, or known, we will simply write M, omitting the classes of morphisms.

By axiom A1 every model category M has an initial and a final object since these
objects correspond to the limit and colimit of empty diagrams respectively. For future
reference, let us denote with 0 the initial and with {*} the terminal object of M.

DEFINITION 2.4. Let X € M where M is a model category. We say that X is
o fibrant if we have X — {x};
e cofibrant if we have 0 — X.

DEFINITION 2.5. For every X € M consider the maps 0 — X and X — {x}. Ax-
iom A5 gives us factorizations
X5 Py —» {+},and 0—Cx > X.
We call Py (resp. Cx) the fibrant (resp. cofibrant) replacement of X.
REMARK 2.6. Given a model category M, we will denote with My (resp. M.) the

full subcategory spanned by fibrant (resp. cofibrant) objects. By axiom A5 we have
functors R: M — My and L : M — M., such that R(X) = Px and L(X) = Cx.
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EXAMPLE 2.7 (Quillen model category). Quillen gave a proof that the category of
topological spaces Top can be endowed with the structure of a model category with:

e the class of weak equivalences being weak homotopy equivalences,
e fibrations being Serre fibrations, and
e cofibrations being retracts of general cellular inclusions.

It is worth noting that in this structure every object is fibrant.

DEFINITION 2.8. Let M be a model category with W the class of weak equivalences.
We define the homotopy category of M to be the localization of M at the class of
maps VW and we denote it with

Ho(M) := M[W™1]
Note that we also have the projection functor 7 : M — Ho(M).

LEMMA 2.9. Let M be a model category. The canonical inclusions My — M and
M. — M induce equivalences of homotopy categories

Ho(My) = Ho(M)
Ho(M,) =s Ho(M).

Let us assume that, from now on, when choosing a colimit in a category, we are
doing so in a functorial way. In such setting, we may define the homotopy colimit
functorially as well, with such functor being derived from the colimit functor. For
this purpose, we will define what derived functors in a model category are.

DEFINITION 2.10. Let C and D be two model categories and let F' : C' — D and
G : D — C be two functors. We define the following.

e Left derived functor of F', ILF : Ho(C) — D to be the Left Kan extension of F
along ¢ : C — Ho(C),

e Right derived functor of G, RG : Ho(D) — C to be the Right Kan extension of
G along 7p : D — Ho(D),

e Total left derived functor of F', L'*°'F as the left derived functor of the compo-
sition ¢ 5 D 25 Ho(D),

o Total right derived functor of G, R¥*'G as the right derived functor of the
composition D % ¢ 1<, Ho(C).

EXAMPLE 2.11. The most important examples of total derived functors are homotopy
colimits.

Note that, given a category K and a category C' we have a category of K-indexed
diagrams C. Moreover, we have an adjunction colim : C¥ = C : ¢ where colim is
a functor which assigns to every K-diagram X : K — C' its colimit and where ¢ is a
constant functor.
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If C is a model category we can equip CX with the projective model structure
in which the weak equivalences (resp. fibrations) are those natural transformations
7:X =Y (where X,Y : K — C) such that 7, : X(k) — Y (k) is a weak equivalence
(resp. fibration) for every k € K. The cofibrations would be those natural transfor-
mations that have the left lifting property (LLP) with respect to all trivial fibrations
(i.e. fibrations that are also weak equivalences).

Considering colim as a functor between two model categories, we denote its ho-
motopy colimit by hocolim := L*°* colim.

We can make an analogous definition for homotopy limits.

EXAMPLE 2.12. Let M be a model category, K an ordinary category and X : K — M
a K-diagram. As we have defined in Example 2.11, hoc}c{ﬂimX = LtOtcoll(im X. By

the definition of derived functors hoc}glimX = co}l{im LX where LX is the cofibrant

replacement of the K-diagram X in the projective model structure on M*¥ (see, for
example the proof of [2, Proposition 2.5.13]).

For example, let X; — X5 — ... = X,, — ... be a sequence in M. By inspection,
the cofibrant replacement of given sequence is given by the sequence that fits into the
following commutative diagram

X1 Xo Xn
CX, — OX, CX,

where CX; — X, is a weak equivalence and CX; — CX, is a cofibration for every
1 € N, thus hocoﬁl}im Xi = cQIiNm CX;.
1€ 1€

3. G-CGWH spaces

DEFINITION 3.1. Let us denote with G-CGWH the category whose objects are com-
pactly generated weak Hausdorff spaces equipped with an action of a compact Lie
group G, and whose morphisms are continuous (not necessarily equivariant) maps.

REMARK 3.2. One may notice that when speaking of compactly generated weak Haus-
dorff spaces, one often omits the latter part, writing only compactly generated and
assuming that the spaces are weak Hausdorff by default (see [11] and [12, Appendix
A]). Hence, when speaking of elements of the category G-CGWH we will often write
G -CGWH space, or just compactly generated G-space.

As noted in [12, Appendix B], the category of G-CGWH spaces is (co)complete.
Using [12, Proposition B.2 (i)], the orbit space G/H is compactly generated, where
H < G is a closed subgroup, which gives us the following result.

PROPOSITION 3.3. Every G-CW-complex is compactly generated.
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Proof. Let us first prove this claim for finite G-CW-complexes. We can do this by
induction on the skeleton. Let X be a finite G-CW-complex. The 0-skeleton, X is
simply a disjoint union of orbit spaces which are compactly generated as mentioned
above. Let us assume that n — 1-skeleton of X, X,,_1, is compactly generated. Now
the n-skeleton is obtained via the pushout

LHG/H; x S"7 — Xpa
J

| |

[1G/H; x D" —— X,
J

Note that this diagram is a pushout square of compactly generated spaces, since S™ 1
and D" are compact, hence X,, is compactly generated as well.

Finally, let X be a G-CW complex. Then X can be presented as the colimit of a
sequence of finite G-CW-complexes Xy — X; — Xo — ... where each Xy — X1 is
a closed inclusion. Since all of the elements of the sequence are compactly generated,
so will X be. U

The category of G-CGWH spaces can be endowed with a model structure, which
we call the standard model structure for G-spaces (see [12, Proposition B.7]), where:

e weak equivalences are weak homotopy equivalences of G-spaces, i.e., G-maps
f:X — Y such that f: X# — YH is a weak homotopy equivalence for every
closed subgroup H < G;

e fibrations are Serre fibrations of G-spaces, i.e., G-maps f : X — Y such that
fH: XH — YH is a Serre fibration for every closed subgroup H < G;

e cofibrations are maps which satisfy the left lifting property with respect to
acyclic fibrations (i.e. fibrations that are also weak equivalences).

Note that, similar as in Example 2.7 every G-CGWH space is fibrant in the
standard model structure. Moreover, analogous to the proofs of [4, 2.4.5, 2.4.6] we
can conclude the following.

PROPOSITION 3.4. Ewvery cofibration in the standard model structure on G-CGWH
spaces is a closed G-inclusion.

REMARK 3.5. When K is compact and X is compactly generated, the mapping space
Mapg,,.(K, X) of all continuous maps is compactly generated (see [11, Proposition
8.2]). If we take spaces K and X to be equipped with an action of a compact Lie group
G, we will denote with Map(K, X) the G-CGWH space of all continuous maps with G
acting by conjugation. Additionally, given a G-CGWH space X and a closed subgroup
H < @, the space X is a closed subspace of X and hence compactly generated
(see [12, Proposition A.5, Appendix B]), meaning that the space (Map(K, X))? =
Mapy (K, X) of all H-equivariant continuous maps is compactly generated.
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ProrosSITION 3.6. Let Xg — X7 — ... = X,, — ... be a sequence of G-CGWH
spaces where the maps X; — X;11 are closed G-inclusions. Denote with X the colimit
of the sequence. Then for every compact G-space K we have a bijection

T colién Map(K, X,,) — Map(K, X) (1)
ne

which is G-equivariant. In particular, for every closed subgroup H < G, we have a
bijection
™ COlién Mapy (K, X,) — Mapy (K, X)
ne

Proof. Let [f'] € colién Map(K, X,,) be an element of the colimit represented by a
ne

map [ € Map(K, X,,) for some n € N. By [12, Proposition A.14] we have a closed
inclusion 4, : X,, — X which will also be a G-map since all of the maps in the
sequence are G-maps, hence, 7 can be viewed as a map sending an element [f’] to
the map i, o f' € Map(K, X). Additionally, since every map f € Map(K, X) factors
through some X,, (see [11, 10.14)), i.e., f = i, o f’ for some [’ € Map(K, X,,), the
element of ngén Map(K, X,,) represented by f’ maps to f by 7, hence 7 is surjective.

Furthermore, let [f1],[f2] be two non-equal elements of colién Map(K, X,,). For large
ne

enough n € N we may represent these elements by maps f1, fo € Map(K, X,,). Then
these elements are sent by 7 to the maps i, o fi and i, o fo. Since f; # fa, then
in © f1 # iy 0 fo, hence 7T is injective, and a bijection.

What is left to check is that 7 is a G-map. Again, let [f] be an element of
cggén Map(K, X,,) represented by a map f € Map(K, X,,), and let g € G. Recall

that 7([f]) = 4, o f. Since the induced maps Map(K, X;) — Map(K, X,;+1) are
closed G-inclusions, the element g[f] corresponds to the element [gf]. Since all of the
maps Xy — X4 are closed G-inclusion, so will i,, be, hence 7(g[f]) = i, o (gf) =
g(in o f) = g7([f]), i-e., T is G-equivariant. L

REMARK 3.7. Since we are working in the category G-CGWH we ought to prove
that 7 is in fact a continuous map in (1), but this part has been omitted as to not
stray too far away from the topic of G-CGWH spaces. Nonetheless, proving that 7
is continuous can be left as an exercise to the reader.

Before moving forward let us recall the definition of the homotopy groups of equiv-
ariant spaces.

DEFINITION 3.8. Let H < G be a closed subgroup of a compact Lie group G, let X be
a G-space and let © € X be a G-fixed point. Then we define 7 (X, z) := 7, (X, z),
for n € N.

REMARK 3.9. Note that the groups w2 (X,z) from Definition 3.8 can be defined
equivariantly. In particular, we can write

(X, 2) = [(G/H)4 AS™, X]q = [S", X5 = [S", X 1]
where [,:]g (resp. [-,:]m) represents the set of homotopy classes of G-equivariant

(resp. H-equivariant) continuous maps. Finally, note that this definition of equivari-
ant homotopy groups coincides with the definition given in Definition 3.8.
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As mentioned in Remark 3.5, given a G-CGWH space X and a closed subgroup
H < G, the space X is a closed subspace of X and hence compactly generated.
Then the closed inclusion of G-spaces X — Y gives us a closed inclusion X7 — Y'H,
Additionally, taking H-fixed points commutes with filtered colimits (and, in particu-
lar, sequential colimits) along G-maps that are closed inclusions, [12, Proposition B.1
(ii)], hence we obtain the following lemma.

LEMMA 3.10. Let H < G be a closed subgroup. Then for a sequence

Xo—-X1—>...20 X, — ...

of G-CGWH spaces where the maps X; — X;41 are closed G-inclusions and every
G-fized point x € X, the map

colim 7} (X,,, z) — 7} (colim X,,, )
neN neN
is an isomorphism for every k > 0.

Proof. Let X be the colimit of the upper sequence. Since taking H-fixed points com-

mutes with sequential colimits, we have colién XH = XH_ The statement now follows
ne

from the result in [7, Ch. 8, section 4] stating that colil{ln e (XH z) — (X H  2) is
ne
an isomorphism. O

ProrosiTiON 3.11. Let Xg —+ X1 — ... = X, — ... be a sequence of G-CGWH
spaces where the maps X; — X;11 are closed G- mcluszons Then the colimit cohI{InX

in the category of G-CGWH spaces is also the homotopy colimit with respect to the
standard model structure on G-spaces.

Proof. The homotopy colimit of the upper sequence is computed by taking the cofi-
brant replacement of the sequence in the projective model structure and then com-
puting the colimit. In particular, we arrive to the familiar commutative diagram

X X X,
f1T sz fnT

where the maps f; : CX; — X; are G-weak homotopy equivalences and where CX; —
CX,41 are closed G-inclusions. Let X and C'X be the colimits of the upper and the
lower sequence respectively. Additionally, we have an induced map f : CX — X and
we want to show that this map is a G-map. Let x € CX, y € X such that y = f(z) and
let g € G. Additionally, let n € N be great enough so that x, gz, y, gy are represented
by the images of some elements 2/, g2’ € CX,, and ¢/, gy’ € X,,. Since f(x) = y by
assumption, we may deduce f,(2’) = 3’. Since the upper diagram is a commutative
diagram of G-maps, we have f,(g2’') = gfn(2') = gy’ ie. f(gz) = gy = gf(x). In
other words, f is a G-equivariant map.

In order to show further that f is a G-weak homotopy equivalence, let us pass
to the diagram of H-fixed points, with H < G a closed subgroup. We arrive to the
following diagram
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X —— xI

.. XH
ffﬁ f;ﬁ f;ﬁ

cCxXf — coxfl — ... — OXH — ...

where both sequences are sequences of closed inclusions of compactly generated spaces,
and where the maps f{? are all weak homotopy equivalences. Since taking fixed points
commutes with filtered colimits, and in particular, sequential colimits [12, Proposition
B.1], the colimits of the upper and lower sequence are X and CX¥ respectively,
and the induced map on colimits is exactly f#. Then, by [12, Proposition A.17] the
map f7: CXH — X is a weak homotopy equivalence as well, hence, f is a G-weak
homotopy equivalence. Homotopy colimits are unique up to an isomorphism in the
homotopy category of the model category, hence, the proof is finished since f is a
weak equivalence in the standard model structure. O

REMARK 3.12. The reader might be familiar with the fact that one model for the
homotopy colimit of a sequence of spaces Xg — X; — Xo — ... is the mapping
telescope. Additionally, it is not hard to prove that, in the case where all of the maps
in the sequence are closed inclusions, the mapping telescope is homotopy equivalent to
the colimit of the sequence. This coincides with the results given above. Although this
holds for compactly generated (non-equivariant) spaces, one can extend this result to
the equivariant setting.

COROLLARY 3.13. Let K be a compact G-space and let Xog — X1 — ... > X, — ...
be a sequence of G-CGWH spaces where the maps X; — X;11 are closed G-inclusions.
Then the map

colim Map(K, X,,) — Map(K, colim X, )
neN neN
is a weak homotopy equivalence of G-spaces.

COROLLARY 3.14. Let K be a compact G-CW-complex and let X9 — X1 — ... —
X, — ... be a sequence of G-CGWH spaces. Then the map

hocoll\lim Map(K, X,,) — Map(K, hocoIlNim Xn)
ne ne
is a weak equivalence of G-spaces.

Proof. The homotopy colimit is computed by taking the colimit of the cofibrant re-
placement of the initial diagram with respect to the projective model structure. In
our case, that would include replacing the sequence by a weakly equivalent one in-
volving G-cofibrations. The functor Map(K,_) with K a compact G-CW-complex
preserves weak homotopy equivalences of G-spaces, hence we can assume that the
maps X, — X,41 are G-cofibrations, and therefore closed inclusions by Proposi-
tion 3.4. Then each map Map(K, X,,) — Map(K, X,1) is also a closed inclusion.
The desired result follows from Proposition 3.11 and Corollary 3.13. O
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ProrosiTiON 3.15. Let Xg -+ X1 — ... = X,, — ... be a sequence of G-CGWH
spaces and let H < G be a closed subgroup. Then the map
. H H .
cglelénﬂ'k (X)) — (hosglglan)

is an isomorphism.

Proof. As in the previous proof, the homotopy colimit is computed by replacing the
initial sequence by a weakly equivalent one involving G-cofibrations, which are, in
particular, closed inclusions. Let us denote with {C X, },,en the cofibrant replacement
diagram of {X,, }nen. The maps CX,, — X, are all weak homotopy equivalences of
G-spaces, hence by Lemma 3.10 we have have an isomorphism

. H ~ . H H . ~ _H .
cglelén T (Xp) = cr?lellgn T (CX,) — (cglelgln CX,)=m, (horggll\llm Xn)

for every k > 0. With this the proof is finished. 0

4. Further topics and applications

Homotopy limits and colimits represent the variants of the notion of the limits and
colimits in the homotopy category. Furthermore, the notion of homotopy limits and
colimits coincide with the notion of limits and colimits in the underlying co-category
of a model category (see [5, Chapter 4] for more details), hence, their study in the
category of G-spaces leads to better understanding of the co-category of G-spaces.
In particular, the results presented in this paper were used to prove that the oo-
category of G-spaces is a presentable co-category in the PhD thesis of the author. In
more detail, the author proved that the oco-category of G-spaces is generated under
filtered colimits by the compact objects, which are further proved to be finite G-CW-
complexes. To achieve this, the results such as commutativity of homotopy colimits
and mapping spaces were used.

Moreover, these constructions and equivalences extend naturally to the study of
G-spectra. As such, the techniques and results of this paper may serve as valuable
tools for further developments in equivariant stable homotopy theory.
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