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Abstract. For a Tychonoff space X, we consider the space I;(X) that is a subspace of
the space of all idempotent probability measures on X. Using a cover yx of the origin space
X we build an open cover vy of Ir(X). Then we show that if vx is a finite-component family,
then ~o is also a finite-component family. We obtain that the space I;(8 X) of idempotent
probability measures on the Stone-Cech compactification 8 X of X is a perfect compacti-
fication of I;(X). Finally, applying the superparacompactness criterion, we establish that
I;(X) is superparacompact if and only if the given Tychonoff space X is superparacompact.

1. Introduction

The study of topological spaces and their properties has been a central topic in
mathematics, with particular interest in understanding completeness properties and
compactifications. Among these, the concept of superparacompactness, investigated
in [10], has emerged as a significant property that generalizes classical notions of com-
pactness in topology. In [11], several types of such spaces, which are called compact
type spaces, were explored. Actions by the hyperspace functor were studied in [14].
To establish their results, the authors of the latter paper applied the criterion of
superparacompactness of Tychonoff spaces given in [3]. In [8], the hyperspace of a
compact Hausdorff space was equipped with a metric different from the well-known
Hausdorff metric. We use the notion of density function considered in [1], where it was
shown that each idempotent probability measure is determined by a unique density
function. Using this property, we were able to define the concept of a support of an
idempotent probability measure in a completely new way.

It should be noted that idempotent mathematics is increasingly used in various
areas of modern research. For example, it plays an important role in artificial intel-
ligence. In [17], some important topological properties of the space of idempotent
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probability measures on a compact Hausdorff space were obtained. In particular,
normality properties considered in [12] were proved for the functor | of idempotent
probability measures in the category Comp of compact Hausdorff spaces and their
continuous mappings. Using a construction suggested in [4], the author of [7] has
extended this functor to the category Tych of Tychonoff spaces and their continuous
mappings. Other types of extensions of the functor | were studied in [9,13].

In this paper, we continue the investigation of superparacompactness of topologi-
cal spaces. We show that the superparacompactness of the space I7(X) of idempotent
probability measures is equivalent to the superparacompactness of a given Tychonoff
space X. To obtain this result, we use the superparacompactness criterion for Ty-
chonoff spaces. To ensure that this criterion is met, we first show that the space
I+(B X) is a perfect compactification of I7(X). It is worth recalling that set systems
play a key role in the study of classes of compact type spaces. For a given system ~yx
of subsets of a Tychonoff space X, we construct a set system 7o in I;(X). We show
that the openness of vx implies the openness of vy. Moreover, we obtain that if vx
is a finite-component family, then ~q is also a finite-component family.

2. Preliminaries

In the present paper, by a space we mean a topological T}-space, and by a mapping
a continuous mapping. If A is a subset of a space X, then Intx(A), Clx(A) and
Frx (A) denote the interior, closure and boundary of A in X, respectively. In general,
topological terminology and notation follow the book [5].

We also put Rpyax = R U {—oc0} with the operations = & y = max{z,y} and
x ®y =z +y. This so-called max-plus algebra (in fact, an idempotent semifield) is
an important structure in idempotent mathematics [9].

Let A and B be collections of subsets of a space X, and x € X. Then:
(i) A is said to be star-countable (respectively, star-finite) if each element of A inter-
sects at most countably (respectively, finitely) many elements of A;

(ii) A refines B (or A is a refinement of B) if for each element A € A there is an
element B € B such that A C B;

(i) We set [A]x := {Clx(A): A € A}.

DEFINITION 2.1 ([11]). A space X is said to be superparacompact if every open cover
U of X has a finite-component open cover that refines U.

For a Tychonoff space X let X be its Stone-Cech compactification (i. e., the max-
imal compact extension of X). The following criterion plays a key role in investigation
of the class of superparacompact spaces.

THEOREM 2.2 ([10]). A Tychonoff space X is superparacompact if and only if for
every closed set F lying in the remainder 8 X \ X there exists a finite-component
open cover n of X with F (" (Unlsx) = 0.
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Let vX be a compact extension of a Tychonoff space X. If H C X is an open set
in X, then by O(H) (or by O,x(H)) we denote the maximal (by inclusion) open set
in vX satisfying O, x(H)NX = H. It is easy to see that

Oux(H)= |J T,

eryx,
I'nX=H

where 7, x is the topology of the space v.X.

A compactification vX of a Tychonoff space X is called perfect with respect to
an open set H in X if the equality Cl,x (Frx(H)) = Fr,x(Oux(H)) holds. If vX
is perfect for every open set in X, then it is called a perfect compactification of the
space X (see [2, p. 232]).

A compactification vX of space X is perfect if and only if for any two disjoint
open sets Uy and Uy in X the equality O(U; U Usz) = O(Ur) U O(Uz) holds [2]. The
Stone-Cech compactification 5X of a Tychonoff space X is a perfect compactification
of X. The equality O(U; UUz) = O(Uy) UO(Uz) holds for every pair of open sets Uy
and Us in X if and only if X is normal, and the compactification vX coincides with
the Stone-Cech compactification 82X, i.e., vX = BX.

The following criterion of superparacompactness is proven in [3, Theorem 1.3].

THEOREM 2.3. A Tychonoff space X is superparacompact if and only if there exists a
perfect compactification b X of X such that for every compact B C b X \ X the space
X has a finite-component open cover n such that B (U[nlsx) = 0.

COROLLARY 2.4. A Tychonoff space X is superparacompact if and only if for every
compact B C BX \ X the space X has a finite-component open cover n such that

B (Ulnlyx) = 0.

The real line is a strongly paracompact space, but it is not a superparacompact
space. Any infinite discrete space is superparacompact but not compact. So, the
class of superparacompact spaces lies strictly between the class of compact Hausdorff
spaces and the class of strongly paracompact spaces.

Let us present the following property of superparacompact spaces (see [10, Propo-
sition 1.4]):

(*) A closed subspace of a superparacompact space is superparacompact.

The author of [17] considered the functor | : Comp — Comp and showed that it
is normal. Then, in [7], using the construction suggested by A. Ch. Chigogidze [4],
it was obtained an extension lg : Tych — Tych. Here, the sign Comp means the
category of compact Hausdorff spaces and their continuous mappings, and Tych the
category of Tychonoff spaces and their continuous mappings.

In [17] on a compact Hausdorff space X an idempotent probability measure is
defined as a functional p : C(X) — R that meets the following conditions:
(i) p(ex) = ¢ for every constant function cx: X — R, ¢ € R. Here cx(z) = ¢;

(i) p(c® @) = cO pu(p), c €R, p € C(X). Here cOp = ¢+ 3
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(ili) ple @) = pu(p) ® p(¥), ¢, ¥ € C(X). Here p @ ¢ = max{yp, ¥}.
A set of all idempotent probability measures in X is denoted by I1(X). It is endowed
with the topology 7, of pointwise convergence. For u € 1(X) sets

(s o1y -y om; 0) = {v € (X)) [v(pi) —plei)| <0,i=1,..., n}
forms a base of I(X) at p. Here ¢, ..., ¢, € C(X), 6 > 0.

Note that a function f: X — [—o0, +00) is said to be upper semi-continuous if
for each € X and for every real number r that satisfies f(z) < r, there exists an
open neighborhood U C X of z such that f(z') <r for all 2’ € U.

Now we consider a compact Hausdorff space X, and put

USCy(X) = {f: X — [-00, 0] : f is upper semi-continuous such that

there exists € X with f(z) = 0}.

For a point # € X the Dirac measure d,: C(X) — R is defined by the equality
0z(p) = p(x) at ¢ € C(X). It is easy to see that supp d,, = {x}. For each idempotent
probability measure v € I(X) there exists [1] a unique upper semi-continuous function

Xy € USCy(X) such that v = @ x,(z) ® d,. Consequently [15],
zeX

I(X) = {@/\(m) ®d,: A€ USCO(X)} .

zeX

For an idempotent measure = € xu(x) ©J, the set supp p = {z € X: x,(x) >
zeX
—oo} will be called the support of p [15].
For a positive integer n let 1,(X) denote the set of all idempotent probability
o0
measures whose support consists of no more than n points. Put 1,(X) = J 1.(X).
1

n=

An idempotent probability measure p € 1,,(X) is said to be an idempotent probability
measure with finite support.
For a compact Hausdorff space X we put

If(X) = {M: @X}J«((Ei) ®611 € Iw(X) Hxio € suppp = {:Cl, ceey xn}
=1

such that x,(zi,) =0 and x,(z;) < -7 at i # io}.

In [3] it was considered inequality x,(z;) < —In(n+1) instead of x,(z;) < — 335
For a compact Hausdorff space X the built space I¢(X) is also a compact Hausdorff
space.

For a point x € X let us define the following set

I5(X) = {M = @Xu(iﬂi) © 0z, €14(X): x €supp p and x,u(x) = 0} )

It is easy to show that the following statement holds.

PROPOSITION 2.5. For a compact Hausdorff space X we have:
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(a) I?(X) n I?]{(X) =0 if an only if x # y for each pair of points x, y € X ;
(b) 1p(X) = EJXF}?(X)

Consider a subset M C X and put
(M) ={pelp(X): thereisa point z € M such that p € Ijz(X)} .

This construction immediately gives the following property.

PROPOSITION 2.6. Let M be a nonempty subset of a Hausdorff compact space X.
Then 1%(X) C (M) if and only if x € M.

PROPOSITION 2.7. For any couple M and N of nonempty subsets of a Hausdorff
compact space X we have (M) N (N) # 0 if and if M NN # (.

Proof. Let M NN = (). Then for an arbitrary p € (M) and every y € N we have
Xp(y) # 0. Indeed, if y € N \ supp p, then x,(y) = —oo; if y € N N supp p,
then x,(y) < —%. Therefore, x,(y) < 0. Consequently, u ¢ (N), that is,
(M) (N)=0.

Assume M NN # (). For a point € M NN Proposition 2.6 provides I5(X) C (M)
and I%(X) C (N). So, (M) N (N) # 0.

Proposition 2.7 is proved. 0

THEOREM 2.8. Let M be a nonempty subset of a Hausdorff compact space X. Then
(M) is open in 1 ¢(X) if and only if M is open in X. Similarly, (M) is closed in |;(X)
if and only if M is closed in X.

Proof. Let M = U be an open set in X. Clearly, 0, € (U) for every x € U. Indeed,
6z € 13(X) for each z € X, in particular, for z € U.
Fix xo and po € 17°(X) with [supp o] > 2. Consider a function ¢ € C(X),

©: X — [0, 1], such that p(z) =1 and ¢! ((%, 1]) = U. We have x,,(20) = 0 and
Xuo(®) < —2 at any = € supp po \ {zo}. Consequently, X, (20) ® ¢(z0) =01 =1
and xu,(2) © p(z) < —2 © 1 = . That is why po(p) = 1.

Let v € (uo; ¢; 3) N1p(X). If suppr = {z} and z ¢ U, then v = 4, and v(p) =
¢(z) < 3. Adding 1 < po(p) < 1 and —3 < —v(p) < 0 we get the contradiction
1 < po(p) —v(p) < 1. So, in the case v = §, the affiliation v € (uo; ¢; 1) N 15(X)
yields z € U. That means v € (U).

2

Consider the case [suppv| > 2. Let v € I%(X). Then x,(y) =0 and x,(z) < —3

at any = € supp p \ {y}. Suppose y ¢ U. Then x,(y) © p(y) < 0® 1 =1 and

Xv(2) ©p(z) < —2©1 = }. Hence, v(p) < &, or the same —% < —v(p) < 0. Adding
1 < pp(p) <1 and —% < —v(p) < 0, we again received the same contradiction
2 < po(p) — v(p) < 1. So, y € U which implies v € (U).

Thus, (uo; ¢ 3) N15(X) C (U).

Consider the case when M = F is closed. Note that Proposition 2.5 provides that

Ul U 5@ =1x) and BN U B&x) =0

zEF zeX\F z€F zEX\F



6 Idempotent measures on superparacompact spaces

Consequently, (X \ F) = 1;(X) \ (F). Since the left side of last equality is open,
the set (F") should be closed.
Theorem 2.8 is proved. U

Theorem 2.8 gives the following properties.

COROLLARY 2.9. For a subset M of a Hausdorff compact space X we have
o (ClxM) = Clj, (x)(M);
o (Intx M) = Int|, (x)(M).

3. A perfect compactification and superparacompactness of the space of
idempotent probability measures

For an element o € Ryax and a subset A C I(X) weput a © A ={a @ u: e A}.
Note that if v < 0, then the set « ® A is not a subset of 1(X) but it is a subset of the
“parallel” space a ® I(X). Let
aA®BOB={a0udforv:uec A ve B}
for some a, 8 € Ryax and A, B C I(X). Evidently, c © A® © B C I(X) if and only
ifadp=0.
Now we note the following remarkable property.

REMARK 3.1. For every pair of «, 5 € Ryax with a @ 8 = 0, we have
a0 l(X)® polI(X) =I1(X).
This property can be demonstrated by direct verification. So, for u, v € 1(X), and

elements «, 8 € Ryax with a @ f = 0, a max-plus combination « © u & S © v is an
idempotent probability measure on X.

PROPOSITION 3.2. Let (u; p1, ..., ©n; 0) and (v; ¥, ..., ¥y; §) be neighborhoods of
idempotent probability measures p and v, respectively. Then the set
a© (5 P15 -y s 0) BB O (W5 Y1, oo Y3 0)
={aop ®Bov: i el{wpr, ..., on; 0) and V' € (v; b1, ..., Yy; 0)}
is open in 1(X).

Proof. Denote = = a ® (u; @1, -« -, ©n; 0) ® B O (v; 1, ..., g; 0). Three cases are
possible.

1) —oo < a < f =0. Then ENI(X) = (v; ¢¥1, ..., ¥r; J); in this case the set
a®{u; @1, ..., pn; 0) is a subset of the “parallel” space a ® [(X) as an open subset.

2) —oco < B <a=0. Then ZENIX) = (u; 1, .-, ©n; 0), and 8O (v; Y1, ..., Yg; 0)
is open in the “parallel” space § ® I(X).

So, in the above two cases, in general, the set a ® (u; @1, ..., @n; 0) is open in
the space a ® I(X), and B ©® (v; ¥1, ..., ¥g; §) is in S @ |(X). Consequently, the set
Zisopenin a® (X)® Lo I(X) =1(X).
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3) a=0=0. Then Z2NKX) = (u; ©1, -+, pn; 0) ® {v; U1, ..., V¥g; §) is open in
[(X) @ I(X) =1(X). Proposition 3.2 is proved. O

REMARK 3.3. Consider any finite set of elements a; € Ry.x with % a; = 0. Then
i=1
the equality in Remark 3.1 can be rewritten as

@aiQI(X) = 1(X).

Consequently, Proposition 3.2 can be reformulated for any finite summands.

Since USCy(X) is a subspace in R, _, its neighborhood system at an upper semi-

max’

continuous function A € USCy(X) has a shape
Az, .o, 0) ={y € USCo(X): |y(z:) — Mzi)| < 0,i=1, ..., n}.
Here z; € X, 1 =1,...,n;6>0.
For points z; € X and their open neighborhoods Uzx;, i = 1, ..., n, it is easy to
see that the set

AN Uz, ..., Uzy; 0) ={y € USCy(X): thereis y;, € Ux;
such that |y(y;) — AMz;)| < 0,i=1, ..., n}

is also open as well. Indeed, take any v € (A\; Uzq, ..., Uxy,; 0). Fori =1,...,n,
let |y(yi) — A(x;)| = a; < 6 for some y; € Uz;. Put a = max{aq, ..., a,}. Then for
each € € (v; y1, .-+, Yn; 0 — a) we have

1€(i) = M) = [€(wi) — (W) +7(w:) — Ali)]|
< [€(wi) —v(wi)l + Iv(ys) = Azi)| <0 —a+a=0,
ie, &€ € (N Uxy, ..., Uxp; 0). So, (V;y1y s Yn;0 —a) C (A Uy, ..., Uzy; 0)
which shows the openness of (\; Uzy, ..., Uz,; 0).
To prove the next result we need the following statement.

LEMMA 3.4 ([14]). Lety X be a compact extension of a space X and, V., W be disjoint
open sets inyX. Let VN X =V, and WNX =W,. Then the following equality is
true:

Cly x (X \ V) NCly x (X \ W) = CL x (X \ (V, UW,))

Obviously, (8 X) is one of compact extensions of 1g(X). Hence, I;(8X) is a
compact extension of 14(X) = 1;(8X) Nlg(X). The following result clarifies this
situation.

THEOREM 3.5. For a Tychonoff space X the space |;(8 X) is a perfect compactifica-
tion of the space 17(X).

Proof. Let U; and Us be disjoint open sets in X. Since 5X is the perfect compactifi-
cation of X we have Ogx (U1 UUsz) = Ogx (U1) UOgx (Us). Consider open sets (Us),
(Uz) in l¢(X). Tt is clear that (Uy) N (Us) = 0. We will show that

O, (5 x)({U1) U(U2)) = O1,5x)((U1)) U0, x)((Uz)).
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The inclusion D straightly follows from the definition of sets of the type O(H).
Therefore, we have to show the inverse inclusion. Let p/ € I(8X) be an idem-
potent probability measure such that p' ¢ Oy, 3x)((U1)) U O, x)((U2)). Then
el (BX)\ O, sx)((Ui)), i =1, 2. From [2, p. 234] we have

1 (BX)\ 01y 5. (U) = Clyay GO\ (U), i =1,2.

Hence, p' € Clyg x) (I (X)\(Us)), i=1,2. Since (U1)N(Uz)=0 by Lemma 3.4 we have
Clig x) (17 (X)) \ (U1) N Cligg x) (15 (X) \ (U2) = Cli (5. x) (1, (X) \ ((U1) U (U2)))-

Thus, ,U/ S Cl|f(ﬁX)(|f(X) \ (<U1> U <U2>)), i.e., /LI S |f(ﬁX) \ Olf(ﬁX)<(U1> @] <U2>)

Consequently, u’ ¢ Oy, (3 x)({(U1)U(Ua)). Thus, we have established that the inclusion

O|f(ﬂX)(<U1> U (Us)) C O|f(5X)(<U1>) U O|f(ﬁX)(<U2>) is also true. Theorem 3.5 is

proved. O

Now we can state the main result of the paper.

THEOREM 3.6. For a Tychonoff space X, the space 1;(X) is superparacompact if and
only if X is superparacompact.

Proof. If 15(X) is superparacompact, then Property («) of superparacompact spaces
(see, Preliminaries, page 3) implies the superparacompactness of the closed subset
X C lp(X).

Let now X be a superparacompact space, B C l;(8X) \ I;(X) any compact set.
Then p € 1;(8X) \ [;(X) for every pr € B. Due to Theorem 3.5, 14(5X) is a perfect
compactification of 1;(X). Hence, we have to show the existence of an open finite-
component cover n of 1¢(X), that pricks out B in I(8 X).

Let 1 € B be an arbitrary element. Then supppu ¢ X since p € 14(8X) \ 15(X).
Owing to Corollary 2.4 for every point & € suppp \ X C BX \ X there exists an
open finite-component cover §, pricking out x in 8X, i. e., ¢ U[&:]gx. Fix a point
xo € suppp \ X. Then suppp ¢ Clgx(U) for every U € &, and p € B. Hence,
¢ (Clgx (U)) for any U € &;,. Now the equality in Corollary 2.9 gives

wé Ui x) = UL x)((U): U € &y}
Arbitrariness of z9 € supp p\ X and p € B yield that B(\U[n]i, s x) = 0. Finally,
applying Theorem 2.3 and Proposition 2.7 we complete the proof. Theorem 3.6 is
proved. O
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