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Abstract. We deal with barrelledness, distinguishedness and reflexivity properties in
various weighted vector-valued summable sequence spaces, with weights in the α-dual of a
perfect scalar-valued sequence space Λ. A weaker notion of distinguishedness is introduced
and characterized. A nice example showing the relevance of this notion is provided.

1. Introduction

The space Λ(E) of all sequences (xn)n in a Fréchet space E such that the series∑
αnxn converges for every weight (αn)n in the α-dual space of a perfect scalar se-

quence space Λ was studied in [6, 7]. The authors determined the topological dual
Λ(E)′ whenever Λ(E) has the property AK and established conditions under which
such a space is reflexive. Since reflexivity is related to both barrelledness and distin-
guishedness, we want to investigate these three notions in Λ(E) for a general locally
convex Hausdorff space E.

Since the dual space of Λ(E) is given by spaces of strongly Λ-summable sequence
spaces, which in turn are defined by Λ-weakly summable sequence spaces, we also
investigate these properties in the spaces Λ⟨E⟩ and Λ[E] of such sequences.

When is one of these spaces (quasi-)barrelled, distinguished or (semi-)reflexive is
the question we are concerned with in this note. To answer this question, we first
determine the topological dual space of each of these spaces and the equicontinuous
sets therein, where E is an arbitrary locally convex Hausdorff space. We then give
answers to our question. At the end, a weaker notion of distinguishedness is introduced
and characterized in AK-spaces Λ(E). An example is given to show the relevance of
this notion.

The paper is presented as follows. After a section giving preliminary results and
definitions, Section 3 is devoted to the (quasi-) barrelledness of the spaces Λ(E) and
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2 Reflexivity in weighted vector-valued sequence spaces

Λ⟨E⟩. Section 4 deals with reflexivity and semi-reflexivity in Λ(E), while Section 5
focuses on the distinguishedness properties in Λ(E).

2. Preliminaries

Throughout this paper, (E, τ) will be a Hausdorff locally convex space over the field
K ∈ {R,C}, E′ will be its topological dual and M the collection of all σ(E′, E)-closed
equicontinuous discs of E′. Obviously τ is defined by the semi-norms

PM (x) = sup{|a(x)|, a ∈ M}, x ∈ E, M ∈ M.

Denote by N the set of all positive integers, by EN the set of all sequences from E
and by E(N) the subspace of EN consisting of those sequences with finite support.

The Köthe dual of a sequence space Ω ⊂ EN is defined by

Ω∗ :=

{
(an)n ⊂ E′ :

+∞∑
n=1

|an(xn)| < +∞, (xn)n ∈ Ω

}
.

If Ω is endowed with a linear topology T and contains E(N), then the closure of E(N)

in Ω will be denoted by Ωr. A sequences (αn)n ∈ Ωr turns out to be the limit of
its finite sections α(k) := (α1, . . . , αk, 0, 0 . . . ). If for t ∈ E, ten denotes the sequence

whose only non-zero entree is the nth one, which equals t, then α(k) =
∑k

n=1 αnen.
The space (Ω, T ) is AK, if Ω = Ωr.

Now, for Λ ⊂ KN recall that a sequence (xn)n ⊂ E is said to be
1. Λ-summable if the series

∑
αnxn converges in E, for every α := (αn)n ∈ Λ∗.

2. weakly Λ-summable if
∑∞

n=1 |αna(xn)| converges, for every a ∈ E′ and α :=
(αn)n ∈ Λ∗. This is (a(xn))n ∈ (Λ∗)∗, for all a ∈ E′.

3. strongly Λ-summable, if for everyM ∈ M and every (an)n ∈ Λ∗[E′
M ], the sequence

(an(xn))n belongs to ℓ1.
The sets Λ(E), Λ[E] and Λ⟨E⟩ of all Λ-summable, weakly Λ-summable and strongly
Λ-summable sequences from E, respectively, are linear spaces with respect to the
coordinatewise operations, such that Λ(E) ⊂ Λ[E].

From now on, Λ ⊂ KN will stand for a perfect space. This is (Λ∗)∗ = Λ. Then
necessarily K(N) ⊂ Λ. The space Λ will be equipped with the polar topology τS
defined by an upward directed cover S of Λ∗, consisting of normal σ(Λ∗,Λ)-closed
and bounded discs. This topology is given by the semi-norms

PS

(
(αn)n

)
:= sup{

+∞∑
n=1

|αnβn|, (βn)n ∈ S}, (αn)n ∈ Λ, S ∈ S.

If A is a bounded disc in a Hausdorff locally convex space F , let FA denote the linear
span of A. When no topology is specified on FA, it will be equipped with the gauge
∥ ∥A of A as a norm. We will then consider without any further mention the spaces
EB , ΛR, E

′
M := (E′)M , and Λ∗

S := (Λ∗)S , for any bounded discs B ⊂ E, R ⊂ Λ,
M ∈ M, and S ∈ S, respectively.
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The spaces Λ(E) and Λ[E] will be equipped with the topology εS,M generated by
the semi-norms

εS,M ((xn)n) := sup

{ ∞∑
n=1

|αnf(xn)|, α ∈ S, f ∈ M

}
, S ∈ S, M ∈ M.

With respect to this topology, Λ(E), Λ(E)r and Λ[E]r are closed in Λ[E]. There-
fore Λ(E)r = Λ[E]r. Moreover, it is easily seen that the following equalities hold
algebraically (Λ(E)r)

∗ = Λ(E)∗ = (Λ [E])∗ (see [2, 6] for more details).
Notice that, if B and R are closed bounded discs in E and in Λ, respectively, with

R normal, then ΛR[EB ] ⊂ Λ[E] is a normed space, whose norm is εR◦,B◦ , the polar
of R being taken in (ΛR)

∗ and that of B in the Banach dual space (EB)
′.

The space Λ⟨E⟩ will be equipped with the topology σS,M, given by the semi-norms

σS,M ((xn)n) := sup{
+∞∑
n=1

|an(xn)|, a = (an)n ∈ Λ∗
S [E

′
M ], εS◦,M◦(a) ≤ 1},

(xn)n ∈ Λ⟨E⟩, where S ∈ S and M ∈ M.
We refer to [5, Section 30] for details concerning Köthe theory of sequence spaces

and to [1,4] for the terminology and notations concerning the general theory of locally
convex spaces.

3. Barrelledness in Λ(E) and Λ⟨E⟩

In connection with barrelledness in the scalar sequence spaces, the property (B) of
Pietsch [8] plays an important role. This property (B) extends naturally to the vector-
valued sequence spaces as shown in [7]. To recall it, let B (resp. B′, R, R′) denote the
collection of all closed bounded discs of E (resp. all closed weak*-bounded discs of
E′, all closed bounded and normal discs of Λ, all closed σ(Λ∗,Λ)-bounded and normal
discs of Λ∗).

Definition 3.1. We say that E is fundamentally (resp. weakly fundamentally) Λ-
bounded, if for every bounded subset B of Λ(E) (resp. of Λ[E]), there is B ∈ B
and R ∈ R, such that B ⊂ R(B) (resp. B ⊂ R[B]), where R[B] := {(xn) ∈ Λ[E] :
(x′(xn))n ∈ R, x′ ∈ B◦} and R(B) := Λ(E)∩R[B]. We thus say that E has property
(FΛ) (resp. (WFΛ)).

If E has (WFΛ), then it also has (FΛ). The sets R(B) and R[B] are easily seen
to be bounded in Λ[E]. Such sets permit to give another expression of σS,M (x) for
every S ∈ S and M ∈ M, as follows:

σS,M (x) := sup{
+∞∑
n=1

|fn(xn)|, f = (fn)n ∈ S[M ]}, x = (xn)n ∈ Λ ⟨E⟩ .

Notice that, by [6, Theorem 4], if F is a continuous functional on Λ(E), then the
sequence (an)n, given by an(t) := F (ten), belongs to Λ∗

S⟨E′
M ⟩ for some S ∈ S and

some M ∈ M. Moreover, [7, Theorem 2] asserts that if E and Λ are Fréchet spaces,
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then (Λ(E)r)
′ = Λ∗⟨E′

β⟩ and the identification J :
(
Λ∗⟨E′

β⟩, σR,B
)
→ (Λ(E)r)

′)β is
continuous. It is open whenever E is reflexive. We get the following proposition
improving [7, Theorem 2].

Proposition 3.2. If E satisfies (FΛ), then (Λ(E)r)
′
β embeds continuously into Λ∗⟨E′

β⟩.
The embedding is an into topological isomorphism, provided E is semi-reflexive. Here
Λ∗ is endowed with the strong topology τβ = β(Λ∗,Λ).

Proof. Firstly, let us show that (Λ(E)r)
′ ⊂ Λ∗⟨E′

β⟩. According to [6, Theorem 7],
it follows that (Λ(E)r)

′ =
⋃

S∈S,M∈M Λ∗
S⟨E′

M ⟩. Then, we will demonstrate that⋃
S∈S,M∈M Λ∗

S⟨E′
M ⟩ ⊂ Λ∗⟨E′

β⟩.
Let S ∈ S, M ∈ M and (an)n ∈ Λ∗

S⟨E′
M ⟩. For every H an equicontinuous subset

of (E′
β)

′ and f = (fn)n ∈ Λ[(E′
β)

′
H ], let us show that f ∈ (Λ∗

S)
∗[(E′

M )′].
The polar H◦ of H with respect to the duality ⟨E′, (E′

β)
′⟩ absorbs the equicon-

tinuous (and then strongly bounded) subset M . Then there exists r > 0 such that
M ∈ rH◦. But, for all n ∈ N, let εn > 0 be such that fn ∈ εnH. Then, for all x′ ∈ M ,

one has |fn(x′)| = rεn

∣∣∣ fnεn (x′

r )
∣∣∣ ≤ rεn.

Then for every n ∈ N, fn ∈ (E′
M )′. But, for every x′ ∈ E′

M , the the mapping δx′ :
(E′

β)
′
H → K, δx′(x′′) = x′′(x′) is linear and continuous. So, (δx′(fn))n = (fn(x

′))n ∈
Λ ⊂ (Λ∗

S)
∗. Then f = (fn)n ∈ (Λ∗

S)
∗[(E′

M )′]. By Proposition 2 of [6] and since (an)n ∈
Λ∗
S⟨E′

M ⟩, the series
∑

fn(an) is absolutely convergent. Thus, (an)n ∈ Λ∗⟨E′
β⟩.

Now (Λ(E)r)
′ can be seen as a subspace of Λ∗⟨E′

β⟩. Now, suppose that E satisfies
(FΛ) and let B be a bounded disc in Λ(E)r. By (FΛ) property, there exist B ∈ B
and R ∈ R, such that B ⊂ R(B). If H is the bipolar B◦◦ of B in (E′

β)
′, then B◦

contains VR,H , the unit ball of σR,H restricted to (Λ(E)r)
′. Indeed, fix a ∈ VR,H

and x ∈ R(B). As B◦ = H◦, we have εR◦,H◦(x) ≤ 1. But
∑+∞

n=1 |an(xn)| ≤ 1, by
definition of VR,H . Therefore a ∈ R(B)◦ ⊂ B◦.

Now, assume that E is semi-reflexive. Let H be an equicontinuous subset of (E′
β)

′.
Then there is a bounded disc B in E such that H = J(B), where J : E → (E′

β)
′

is the canonical embedding. If R is a normal bounded subset of Λ, then R(B)◦ ⊂
VR,H . Indeed, let a = (an)n ∈ R(B)◦ and x = (xn)n ∈ ΛR[EB ] = ΛR[(E

′
β)

′
H ], with

εR◦,H◦(x) ≤ 1. Then, for every b ∈ B◦, one has (b(xn))n ∈ R. Let α ∈ R, b ∈ B◦ and
(γn)n ∈ c0 such that ∥(γn)n∥c0 ≤ 1. Then

+∞∑
n=1

|αnb(γnxn)| ≤
+∞∑
n=1

|αnb(xn)| ≤ εR◦,B◦(x) ≤ 1.

Since (γnxn) ∈ Λ(E)r, then (γnxn) ∈ R(B). This shows that
∑+∞

n=1 |an(xn)| ≤ 1,
consequently (an)n ∈ VR,H . □

Inspired by [3], we will say that E has property (ΛB) if the topology induced by
Λ∗⟨E′

β⟩ on (Λ(E)r)
′ coincides with the strong topology β((Λ(E)r)

′.

Proposition 3.3. If Λ(E) is an AK-space with property (ΛB), then E has (FΛ).

Proof. Let B be a bounded disc in Λ(E) = Λ(E)r. Then the polar B◦ of B is a
0-neighborhood in Λ(E)′β = (Λ(E)r)

′
β . Since E has property (ΛB), there exist R ∈ R
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and B ∈ B, such that VR,B := {a ∈ (Λ(E)r)
′ : σR,B(a) ≤ 1} ⊂ B◦. Let a = (an)n ∈

(R(B))◦. Then for every x ∈ R(B), |⟨(an)n, (xn)n⟩| = |
∑∞

n=1 an(xn)| ≤ 1. In other
words, for all x = (xn)n ∈ Λ(E) such that εR◦,B◦(x) ≤ 1, we have |

∑
an(xn)| ≤ 1. It

follows that a ∈ VR,B , and then (R(B))◦ ⊂ B◦. Hence B ⊂ R(B) and E has (FΛ). □

With the same proof, one gets that, if E has property (ΛB), then it also has
(FΛr), i.e., every bounded subset B of Λ(E)r is contained in R(B)r := R(B)∩Λ(E)r
for some B ∈ B and R ∈ R.

It is shown in [6] that E and Λ are closed subspaces of Λ(E). The following lemma
improves this result.

Lemma 3.4. The space E is complemented in each of the spaces Λ[E], Λ(E), Λ⟨E⟩,
Λ[E]r, Λ(E)r and Λ⟨E⟩r. Moreover, Λ is complemented in Λ[E], Λ(E) and Λ⟨E⟩. If,
in addition, (Λ, τS) is AK, then Λ is also complemented in Λ[E]r, Λ(E)r and Λ⟨E⟩r.

Proof. We give the proof for Λ(E). The other cases, being similar, will be omitted.

Set Λ(E)1 := {te1 : t ∈ E} and consider the mapping p : Λ(E) → Λ(E)1 defined
for all (xn)n ∈ Λ(E) by p((xn)n) = x1e1. For all (xn)n ∈ Λ(E), we have p2((xn)n) =
p(x1e1) = x1e1 = p((xn)n). Since

∀(xn)n ∈ Λ(E), ∀(S,M) ∈ S ×M, εS,M (p((xn)n)) ≤ εS,M ((xn)n),

the mapping p is a continuous linear projection. Therefore Λ(E)1 is complemented
in Λ(E). Now, we define a linear mapping ϕ from E into Λ(E)1 by ϕ(t) = te1.
Then ϕ is a bicontinuous linear isomorphism, because for all t ∈ E and all (S,M) ∈
S×M, εS,M (te1) = PS(e1)PM (t). Therefore the spaces Λ(E)1 and E are topologically
isomorphic. Identifying them, E is complemented in Λ(E).

The same proof shows that E is complemented in Λ(E)r.

Now, consider f ∈ E′ and M0 ∈ M, such that f ∈ M0 and f(t) = 1 for some
t ∈ E. Set Λt := {(αnt)n : (αn)n ∈ Λ} and define the map qf from Λ(E) into
Λt by qf ((xn)n) = (f(xn)t)n. Since (αnt)n ∈ Λ(E) for every (αn)n ∈ Λ, qf is
onto. Furthermore, it is clear that, for all (xn)n ∈ Λ(E), it holds q2f ((xn)n) =
qf ((f(xn)t)n) = (f(xn)t)n = qf ((xn)n). Moreover, for every S ∈ S and M ∈ M,
εS,M

(
(f(xn)t)n

)
= PM (t)PS((f(xn))n) ≤ PM (t)εS,M0

((xn)n). Then the mapping
qf is a continuous linear projection. Therefore Λt is complemented in Λ(E). Now,
define a linear isomorphism h from Λ onto Λt by h((αn)n) = (αnt)n. For all α ∈ Λ
and all (S,M) ∈ S ×M we have PS((αn)n) =

1
PM (t)εS,M ((αnt)n). Therefore h is a

bicontinuous linear isomorphism, and Λ is complemented in Λ(E).

If (Λ, τS) is an AK-space, the map qf restricted to Λ(E)r is still surjective. So Λt
is complemented in Λ(E)r, consequently Λ is also complemented in Λ(E)r. □

We obtain a characterization of the barrelledness and the quasi-barrelledness prop-
erties in Λ(E)r. First let us set KR′,B′ := {(fn)n ∈ Λ[(E′

B′)′] : ∀a ∈ B′, (fn(a)) ∈
(R′)◦} and R′ ⟨B′⟩ :=

{
(an)n ∈ (Λ(E)r)

′ :
∑+∞

n=1 |fn(an)| ≤ 1,∀(fn)n ∈ KR′,B′
}
.

Proposition 3.5. The space Λ(E)r is barrelled (resp. quasi-barrelled), whenever

(i) E and Λ are barrelled (resp. quasi-barrelled), and
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(ii) for each weak* bounded (resp. strongly bounded) subset B of (Λ(E)r)
′, there exist

B′ ∈ B′ and R′ ∈ R′, such that B ⊂ R′ ⟨B′⟩.
The converse holds whenever (Λ, τS) is AK.

Proof. Let T be a barrel (resp. bornivorous barrel) in Λ(E)r. Then T ◦ is a weakly
bounded (resp. strongly bounded) subset of (Λ(E)r)

′. By (ii) there exists R′ ∈ R′

and B′ ∈ B′ such that T ◦ ⊂ R′⟨B′⟩. Since E is barrelled (resp. quasi-barrelled), B′

is equicontinuous, hence contained in some M ∈ M. Similarly, since Λ is barrelled
(resp. quasi-barrelled), there exists S ∈ S such that R′ ⊂ S. Consequently T ◦ ⊂
R′⟨B′⟩ ⊂ S⟨M⟩. Therefore T ◦ is equicontinuous and then T is a neighborhood of 0
in Λ(E)r.

Now, assume that Λ(E)r is barrelled. Then both spaces Λ and E, being com-
plemented in Λ(E)r by Lemma 3.4, are barrelled (resp. quasi-barrelled). Moreover,
if B is a weakly bounded (resp. strongly bounded) subset of (Λ(E)r)

′, then B is an
equicontinuous subset of (Λ(E)r)

′. By [6, Theorem 8], there exist S ∈ S and M ∈ M
such that B ⊂ S ⟨M⟩. Whence the result. □

Remark 3.6. The condition “(Λ, τS) is an AK-space” in Proposition 3.5 is not in-
volved in the conclusion (ii). It is used only to conclude that Λ is barrelled (resp.
quasi-barrelled).

With a similar proof, we obtain the following proposition.

Proposition 3.7. The space Λ⟨E⟩r is barrelled (resp. quasi-barrelled) provided
(i) E and Λ are barrelled (resp. quasi-barrelled), and

(ii) for each weak*-bounded (resp. strongly bounded) subset B of (Λ⟨E⟩r)′ there exists
B′ ∈ B′ and R′ ∈ R′ such that B ⊂ R′[B′].
The converse holds whenever (Λ, τS) is AK.

4. Reflexivity of Λ(E)

Recall that a locally convex space is said to be C-barrelled if every weak*-Cauchy
sequence in its topological dual is equicontinuous (see [12]).

The following proposition gives a relation between the topological and the Köthe
dual of Λ(E)r.

Proposition 4.1. (i) The inclusion (Λ(E)r)
′ ⊂ Λ(E)∗ always holds. Moreover,

Λ(E) is an AK-space if and only if Λ(E)′ ⊂ Λ(E)∗.

(ii) If Λ(E)r is C-barrelled, then the equality (Λ(E)r)
′ = Λ(E)∗ holds algebraically.

Proof. (i) Let F ∈ Λ(E)′r be arbitrary. Define an(t) := F (ten), n ∈ N and t ∈ E.
Then an ∈ E′ and, for every x = (xn)n ∈ Λ(E)r,

∑+∞
n=1 an(xn) = F (x). Therefore

the sequence (an)n belongs to Λ(E)∗. Since the sequence (an) is uniquely determined,
Λ(E)′r ⊂ Λ(E)∗. Now, if Λ(E) is AK, then Λ(E)′ ⊂ Λ(E)∗.
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Conversely, assume that the latter inclusion holds and that some (xn)n ∈ Λ(E)
does not belong to Λ(E)r. Then, by Hahn-Banach theorem, we can find some F ∈
Λ(E)′ such that F ((xn)n) = 1 and F vanishes identically on Λ(E)r. Since Λ(E)′ ⊂
Λ(E)∗, F belongs to Λ(E)∗. Therefore there exists a sequence (bn)n ⊂ E′ such
that F (y) =

∑+∞
n=1 bn(yn) for every y := (yn)n ∈ Λ(E). In particular F ((xn)n) =∑+∞

n=1 bn(xn) = 1. But 1 =
∑∞

n=1 bn(xn) = limp→∞ F ((xn)
(p)
n ) = 0, for (xn)

(p) ∈
Λ(E)r. This contradiction shows that (xn)n ∈ Λ(E)r and then that Λ(E) = Λ(E)r.

(ii) By (i), we have (Λ(E)r)
′ ⊂ Λ(E)∗. Let us show that Λ(E)∗ ⊂ (Λ(E)r)

′.
Choose an arbitrary (an)n ∈ Λ(E)∗. Then the series

∑+∞
n=1 an(xn) converges for

every (xn)n ∈ Λ(E)r. Next, consider on (Λ(E)r) the linear functionals Fa and Fa,n,

defined by Fa : (xk)k 7−→
∑+∞

k=1 ak(xk) and Fa,n : (xk)k 7−→
∑n

k=1 ak(xk), n ∈ N.
It is clear that, for every n ∈ N, Fa,n is a continuous linear functional on (Λ(E)r)
and that for every x := (xk)k ∈ Λ(E)r, (Fa,n(x))n converges to Fa(x). Hence the
sequence (Fa,n)n is weak*-Cauchy in (Λ(E)r)

′. Since Λ(E)r is C-barrelled, (Fa,n)n is
equicontinuous. Therefore Fa is continuous. Hence (Λ(E)r)

′ = Λ(E)∗. □

It follows from Proposition 4.1 that (Λ, τS) is AK if and only if (Λ, τS)
′ = Λ∗, and

if and only if every S ∈ S is σ(Λ∗,Λ)-compact.
The following lemma yields a condition under which the dual of Λ(E)r coincides

with the whole Λ∗⟨E′
β⟩.

Lemma 4.2. If Λ(E)r is C-barrelled and if E satisfies (FΛ), then the equality (Λ(E)r)
′ =

Λ∗⟨E′
β⟩ holds algebraically. If in addition E has property (ΛB), then the equality holds

also topologically, when Λ∗ is endowed with the strong topology β(Λ∗,Λ).

Proof. Suppose Λ(E)r C-barrelled and E fundamentally Λ-bounded. Then the equal-
ity (Λ(E)r)

′ = Λ(E)∗ holds algebraically by Proposition 4.1 ii), and Λ∗⟨E′
β⟩ ⊂ Λ(E)∗

by Proposition 3.2. Therefore (Λ(E)r)
′ ⊂ Λ∗⟨E′

β⟩ ⊂ Λ(E)∗ = (Λ(E)r)
′, whereby

(Λ(E)r)
′ = Λ∗⟨E′

β⟩. Again by Proposition 3.2, the strong topology on (Λ(E)r)
′ is

coarser than that of Λ∗
〈
E′

β

〉
. Now, if E has property (ΛB), then the two topologies

coincide. □

In [7] it is given conditions under which Λ(E) is reflexive for a Fréchet space E.
We improve this result by characterizing the semi-reflexivity and reflexivity of Λ(E),
for general E, assuming Λ(E) C-barrelled. This condition is obviously enjoyed in the
Fréchet case.

Theorem 4.3. If Λ(E) is C-barrelled and E satisfies (FΛ), then Λ(E) is semi-
reflexive if, and only if, the following assertions hold:
(i) E and Λ are semi-reflexive.

(ii) Λ(E) and Λ∗⟨E′
β⟩ are both AK-spaces.

Proof. Necessity : Suppose that Λ(E) is semi-reflexive. Since E and Λ and Λ(E)r
are closed subspaces of Λ(E), they are all semi-reflexive. In particular, Λ(E)r is
weakly quasi-complete [4], then also weakly sequentially complete. Now, for every
x = (xn)n ∈ Λ(E), the sequence (x(p))p is weakly Cauchy in Λ(E)r. Indeed, if
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F ∈ (Λ(E)r)
′, then there is a sequence (an)n in E′ as in the proof of Proposition 4.1,

such that the series
∑

an(xn) converges. Therefore

(
F (x(p))

)
p

=

(∑p
k=1 an(xn)

)
p

is a Cauchy sequence. Hence (x(p))p converges weakly to a limit y = (yn)n ∈ Λ(E)r,
which is nothing but (xn)n. Consequently Λ(E) is a AK-space. As Λ(E) = Λ(E)r
is C-barrelled and E satisfies (FΛ), (Λ(E)r)

′ = Λ∗⟨E′
β⟩ is sequentially complete with

respect to the topology σ(Λ∗⟨E′
β⟩,Λ(E)r). Let a = (an)n ∈ Λ∗⟨E′

β⟩. Then (a(k))k ∈
Λ∗⟨E′

β⟩r and it is σ(Λ∗⟨E′
β⟩,Λ(E)r)-Cauchy in it. Indeed, consider x = (xn)n ∈

Λ(E)r. Then ⟨(an)n, (xn)n⟩ =
∑+∞

n=1 an(xn). Therefore
(∑k

n=1 an(xn)
)
k
is a Cauchy

sequence, hence (a(k))k converges to b = (bn)n in (Λ∗
〈
E′

β

〉
r
, σ(Λ∗

〈
E′

β

〉
r
,Λ(E)r)).

Fix n ∈ N and t ∈ E. Applying the functional ln,t defined on Λ∗
〈
E′

β

〉
r
by ln,t((ai)i) =

an(t), we get (an)n = (bn)n. Hence Λ∗
〈
E′

β

〉
is an AK-space.

Conversely, assume that (i) and (ii) are satisfied. Then :

Λ(E)′′
(ii)
= (Λ(E)r)

′′ = (Λ∗ 〈E′
β

〉
)′

(ii)
= (Λ∗ 〈E′

β

〉
r
)′

[7]
=

⋃
R,B

ΛR[(E
′
β)

′
B◦◦ ]

(i)
=

⋃
R,B

ΛR[EB ] ⊂ Λ[E].

Let us prove that Λ[E] = Λ(E). Let α = (αn)n ∈ Λ∗, (R,B) ∈ R×B, β = (βn)n ∈ R

and x ∈ B. Put for every n ∈ N, fn = βnx, then f = (fn)n ∈ ΛR

[
(E′

β)
′
B◦◦

]
= ΛR[EB ]

and εR◦,B◦(f) ≤ 1. So for every a ∈ E′,
+∞∑
n=1

|αnβna(x)| =
+∞∑
n=1

|αnfn(a)| ≤ σR,B((αna)n).

Then PR((αn)n)|a(x)| ≤ σR,B((αna)n). Since
(
Λ∗

〈
E′

β

〉
, σR,B

)
is an AK-space,

(Λ∗, τR) = (Λ∗, β(Λ∗,Λ)) is an AK-space. Therefore by [5, 30.7.(4)], (Λ, τN ) is
semi-reflexive. Due to [2, Corollary 1.4] we have Λ[E] = Λ(E), whereby Λ(E) is
semi-reflexive. □

The main result of [7] states that if E and Λ are Féchet spaces, then Λ(E) is
reflexive if, and only if, E and Λ are reflexive, and Λ(E) and Λ∗⟨E′

β⟩ are both AK-
spaces. As a direct corollary of Theorem 4.3, we get an improvement of this result.

Theorem 4.4. If Λ(E) is barrelled and E is fundamentally Λ-bounded, then Λ(E) is
reflexive if, and only if, the following assertions hold
(i) E and Λ are reflexive.

(ii) Λ(E) and Λ∗⟨E′
β⟩ are both AK-spaces.

A further generalization of the same result is the following.

Theorem 4.5. If E is fundamentally Λ-bounded, then Λ(E) is reflexive if, and only
if, the following assertions hold :
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(i) E and Λ are reflexive.

(ii) Λ(E) and Λ∗⟨E′
β⟩ are both AK-spaces.

(iii) for every bounded subset B of Λ∗⟨E′
β⟩, there are bounded sets B′ ∈ B′, R′ ∈ R′

such that B ⊂ R′⟨B′⟩.

Proof. If Λ(E) is reflexive, then it is semi-reflexive and barrelled, then it is semi-
reflexive and C-barrelled. By Theorem 4.3 (i), E and Λ are semi-reflexive, then
reflexive since E and Λ are barrelled, as complemented subspaces of Λ(E). Now, by (ii)
of the same theorem, Λ(E) and Λ∗⟨E′

β⟩ are both AK-spaces. Since Λ(E)r = Λ(E)
is barrelled, by Proposition 3.5 (i) and Remark 3.6, for each weakly bounded (resp.
strongly bounded) subset B of (Λ(E)r)

′ = Λ∗⟨E′
β⟩, there exist B′ ∈ B′ and R′ ∈ R′,

such that B ⊂ R′⟨B′⟩.
Conversely, by (i) and (iii) the space Λ(E)r is barrelled (resp. quasi-barrelled)

and by (i) and (ii) Λ(E) is semi-reflexive. Then Λ(E) is reflexive. □

5. Distinguishedness in Λ(E)

A locally convex space is said to be distinguished if its strong dual is barrelled. A
bornological (in particular metrizable) space is distinguished if and only it its strong
dual is quasi-barrelled, for it is complete. This raises the natural question whether the
strong dual of a locally convex space is barrelled, whenever it is quasi-barrelled. As
we will see later on, this is not the case. We then introduce the following definition.

Definition 5.1. A Hausdorff locally convex space is said to be quasi-distinguished
if its strong dual is quasi-barrelled.

Actually, the appellation “quasi-distinguished space” has already been used in the
literature, but with a different meaning [11].

Every semi-reflexive space and every normed space are quasi-distinguished. With
standard arguments, one gets the following characterization of quasi-distinguished
spaces.

Proposition 5.2. A locally convex space E is quasi-distinguished if and only if, for
every bounded subset B of (E′′, β(E′′, E′)), there exists a bounded subset A of E, such

that B is contained in the σ(E′′, E′)-closure A
σ(E′′,E′)

of A in E′′.

A Féchet space need not be distinguished (neither quasi-distinguished) as shown by
Taskinen in [10]. Now, following an idea of Vladimir Kadets, answering a question of
the second named author (see https://www.researchgate.net/profile/Lahbib Oubbi),
we provide an example of a quasi-distinguished space which fails to be distinguished.

Example 5.3. Let P be the set of all (positive) prime numbers and for every p ∈ P,
Ap = {pn : n ∈ N}. Define for each p ∈ P the sequence (xp,n)n ∈ ℓ∞ by xp,n = 1 if
n ∈ Ap and xp,n = 0 otherwise. Let D be the linear span of {(xp,n)n : p ∈ P} ⊕ c0.

https://www.researchgate.net/profile/Lahbib$_$Oubbi
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Then by [9, Example 2.4.], (D, ∥ ∥∞) is a non barrelled subspace of (ℓ∞, ∥ ∥∞). Now,
consider E = (ℓ1, σ(ℓ1, D)). Then E′ = D. Moreover c0 ⊂ D ⊂ ℓ∞. Then, by
Banach-Steinhaus theorem, a disc A ⊂ E is σ(ℓ1, D)-bounded if and only if A is
bounded in the norm topology ∥ ∥1 of ℓ1. Therefore the strong topology β(D, ℓ1)
coincides with that of the relative norm induced by ∥ ∥∞ of ℓ∞. Hence (E′, β(E′, E))
being equal to (D,β(D, ℓ1)) is a non-barrelled quasi-barrelled space. Consequently E
is a non-distinguished quasi-distinguished space.

Theorem 5.4. Assume that Λ(E)r is C-barrelled and that E satisfies both (FΛ) and
(ΛB). Then Λ(E)r is distinguished (resp. quasi-distinguished) if and only if the
following three conditions hold.
(i) E and Λ are distinguished (resp. quasi-distinguished).

(ii) Λ∗⟨E′
β⟩ is an AK-space.

(iii) for every weak*-bounded (resp. strongly-bounded) subset B of (Λ∗⟨E′
β⟩)′, there

exist B ∈ B and R ∈ R, such that B ⊂ R[B◦◦].

Proof. We give the proof in the distinguished case. The other case is similar. Suppose
that Λ(E)r is distinguished. Then (Λ(E)r)

′
β is barrelled. Since Λ(E)r is C-barrelled,

by Lemma 4.2, the equality (Λ(E)r)
′
β = (Λ∗⟨E′

β⟩, σR,B) holds algebraically and topo-

logically. Therefore (Λ∗
〈
E′

β

〉
, σR,B) is barrelled. By Proposition 3.7 (i), both spaces

E′
β and (Λ∗, τR) = Λ′

β are barrelled. Hence E and Λ are distinguished. Since Λ(E)r
is C-barrelled, (Λ(E)r)

′ = Λ∗⟨E′
β⟩ is weakly sequentially complete and so the argu-

ments of the proof of Theorem 4.3 still work to prove that the space Λ∗⟨E′
β⟩ is an

AK-space. Therefore, by Proposition 3.7 (ii), for each weakly bounded subset B of
(Λ∗⟨E′

β⟩r)′, there exist B ∈ B and R ∈ R such that B ⊂ R[B◦◦].
Conversely, assume that (i), (ii) and (iii) are satisfied. Then, an application of

Proposition 3.7 gives that (Λ∗⟨E′
β⟩, σR,B) is barrelled, so (Λ(E)r)

′
β is barrelled. Con-

sequently Λ(E)r is distinguished. □
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